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HALF-DELOCALIZATION OF EIGENFUNCTIONS FOR THE
LAPLACIAN ON AN ANOSOV MANIFOLD
NALINI ANANTHARAMAN AND STÉPHANE NONNENMACHER
Abstrat. We study the high-energy eigenfuntions of the Laplaian on a ompat Rie-
mannian manifold with Anosov geodesi ow. The loalization of a semilassial measure
assoiated with a sequene of eigenfuntions is haraterized by the Kolmogorov-Sinai
entropy of this measure. We show that this entropy is neessarily bounded from below
by a onstant whih, in the ase of onstant negative urvature, equals half the maximal
entropy. In this sense, high-energy eigenfuntions are at least half-deloalized.
The theory of quantum haos tries to understand how the haoti behaviour of a las-
sial Hamiltonian system is reeted in its quantum version. For instane, let M be a
ompat Riemannian C∞ manifold, suh that the geodesi ow has the Anosov property
 the ideal haoti behaviour. The orresponding quantum dynamis is the unitary ow
generated by the Laplae-Beltrami operator on L2(M). One expets that the haoti
properties of the geodesi ow inuene the spetral theory of the Laplaian. The Random
Matrix onjeture [4℄ asserts that the high-lying eigenvalues should, after proper renormal-
ization, statistially resemble those of a large random matrix, at least for a generi Anosov
metri. The Quantum Unique Ergodiity onjeture [22℄ (see also [3, 25℄) deals with the
orresponding eigenfuntions ψ: it laims that the probability density |ψ(x)|2dx should
approah (in a weak sense) the Riemannian volume, when the eigenvalue orresponding
to ψ tends to innity. In fat a stronger property should hold for the Wigner transform
Wψ, a distribution on the otangent bundle T
∗M whih desribes the distribution of the
wave funtion ψ on the phase spae T ∗M . We will adopt a semilassial point of view,
that is onsider the eigenstates of eigenvalue unity of the semilassial Laplaian −~2△, in
the semilassial limit ~→ 0. Weak limits of the distributions Wψ are alled semilassial
measures: they are invariant measures of the geodesi ow on the unit energy layer E . The
Quantum Unique Ergodiity onjeture asserts that on an Anosov manifold there exists a
unique semilassial measure, namely the Liouville measure on E ; in other words, in the
semilassial régime all eigenfuntions beome uniformly distributed over E .
For manifolds with an ergodi geodesi ow (with respet to the Liouville measure), it has
been shown by Shnirelman, Zeldith and Colin de Verdière that almost all eigenfuntions
beome uniformly distributed over E , in the semilassial limit: this property is dubbed as
Quantum Ergodiity [23, 27, 6℄. The possibility of exeptional sequenes of eigenstates with
dierent semilassial limits remains open in general. The Quantum Unique Ergodiity
onjeture states that suh sequenes do not exist for an Anosov manifold [22℄.
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So far the most preise results on this question were obtained for Anosov manifolds
M with arithmeti properties: see RudnikSarnak [22℄, Wolpert [26℄. Reently, Linden-
strauss [20℄ proved the asymptoti equidistribution of all arithmeti eigenstates (these
are believed to exhaust the full family of eigenstates). The proof, unfortunately, annot be
extended to general Anosov manifolds.
To motivate the onjeture, one may instead invoke the following dynamial explanation.
By the Heisenberg unertainty priniple, an eigenfuntion annot be stritly loalized on
a submanifold in phase spae. Its miroloal support must ontain a sympleti ube
of volume ~
d
, where d is the dimension of M . Sine ψ is invariant under the quantum
dynamis, whih is semilassially approximated by the geodesi ow, the fast mixing
property of the latter will spread this ube throughout the energy layer, showing that the
support of the eigenfuntion must also spread throughout E .
This argument is however too simplisti. First, Colin de Verdière and Parisse showed
that, on a surfae of revolution of negative urvature, eigenfuntions an onentrate on
a single periodi orbit in the semilassial limit, despite the exponential unstability of
that orbit [7℄. Their onstrution shows that one annot use purely loal features, suh
as instability, to rule out loalization of eigenfuntions on losed geodesis. Seond, the
argument above is based on the lassial dynamis, and does not take into aount the
interferenes of the wavefuntion with itself, after a long time. Faure, Nonnenmaher and
De Bièvre exhibited in [11℄ a simple example of a sympleti Anosov dynamial system,
namely the ation of a linear hyperboli automorphism on the 2-torus (also alled Arnold's
at map), the quantization of whih does not satisfy the Quantum Unique Ergodiity
onjeture. Preisely, they onstrut a family of eigenstates for whih the semilassial
measure onsists in two ergodi omponents: half of it is the Liouville measure, while the
other half is a Dira peak on a single unstable periodi orbit. It was also shown that 
in the ase of the at map  this half-loalization on a periodi orbit is maximal [12℄.
Another type of semilassial measures was reently exhibited by Kelmer for quantized
automorphisms on higher-dimensional tori and some of their perturbations [15, 16℄: it
onsists in the Lebesgue measure on some invariant o-isotropi subspae of the torus. In
those ases, the existene of exeptional eigenstates is due to some nongeneri algebrai
properties of the lassial and quantized systems.
In a previous paper [2℄, we disovered how to use an information-theoreti variant of
the unertainty priniple [18, 21℄, alled the Entropi Unertainty Priniple, to onstrain
the loalization properties of eigenfuntions in the ase of another toy model, the Walsh-
quantized baker's map. For any dynamial system, the omplexity of an invariant measure
an be desribed through its KolmogorovSinai entropy. In the ase of the Walsh-baker's
map, we showed that the entropy of semilassial measures must be at least half the entropy
of the Lebesgue measure. Thus, our result an be interpreted as a half-deloalization of
eigenstates. The Walsh-baker model being very speial, it was not lear whether the
strategy ould be generalized to more realisti systems, like geodesi ows or more general
sympleti systems quantized à la Weyl.
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In this paper we show that it is the ase: the strategy used in [2℄ is rather general,
and its implementation to the ase of Anosov geodesi ows only requires more tehnial
suering.
1. Main result.
Let M be a ompat Riemannian manifold. We will denote by |·|x the norm on T ∗xM
given by the metri. The geodesi ow (gt)t∈R is the Hamiltonian ow on T
∗M generated
by the Hamiltonian
H(x, ξ) =
|ξ|2x
2
.
In the semilassial setting, the orresponding quantum operator is −~2△
2
, whih generates
the unitary ow (U t) = (exp(it~△
2
)) ating on L2(M).
We denote by (ψk)k∈N an orthonormal basis of L
2(M) made of eigenfuntions of the
Laplaian, and by ( 1
~2k
)k∈N the orresponding eigenvalues:
−~2k△ψk = ψk, with ~k+1 ≤ ~k .
We are interested in the high-energy eigenfuntions of −△, in other words the semilassial
limit ~k → 0.
The Wigner distribution assoiated to an eigenfuntion ψk is dened by
Wk(a) = 〈Op~k(a)ψk, ψk〉L2(M), a ∈ C∞c (T ∗M) .
Here Op~k is a quantization proedure, set at the sale ~k, whih assoiates a bounded op-
erator on L2(M) to any smooth phase spae funtion a with nie behaviour at innity (see
for instane [8℄). If a is a funtion on the manifoldM , we haveWk(a) =
∫
M
a(x)|ψk(x)|2dx:
the distribution Wk is a miroloal lift of the probability measure |ψk(x)|2dx into a phase
spae distribution. Although the denition of Wk depends on a ertain number of hoies,
like the hoie of loal oordinates, or of the quantization proedure (Weyl, anti-Wik,
right or left quantization...), its asymptoti behaviour when ~k −→ 0 does not. A-
ordingly, we all semilassial measures the limit points of the sequene (Wk)k∈N, in the
distribution topology.
Using standard semilassial arguments, one easily shows the following [6℄:
Proposition 1.1. Any semilassial measure is a probability measure arried on the energy
layer E = H−1(1
2
) (whih oinides with the unit otangent bundle E = S∗M). This measure
is invariant under the geodesi ow.
If the geodesi ow has the Anosov property  for instane if M has negative setional
urvature  then there exist many invariant probability measures on E , in addition to the
Liouville measure. The geodesi ow has ountably many periodi orbits, eah of them
arrying an invariant probability measure. There are still many others, like the equilibrium
states obtained by variational priniples [14℄. The KolmogorovSinai entropy, also alled
metri entropy, of a (gt)-invariant probability measure µ is a nonnegative number hKS(µ)
that desribes, in some sense, the omplexity of a µ-typial orbit of the ow. For instane,
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a measure arried on a losed geodesi has zero entropy. An upper bound on the entropy is
given by the Ruelle inequality: sine the geodesi ow has the Anosov property, the energy
layer E is foliated into unstable manifolds of the ow, and for any invariant probability
measure µ one has
(1.1) hKS(µ) ≤
∣∣∣∣∫
E
log Ju(ρ)dµ(ρ)
∣∣∣∣ .
In this inequality, Ju(ρ) is the unstable Jaobian of the ow at the point ρ ∈ E , dened
as the Jaobian of the map g−1 restrited to the unstable manifold at the point g1ρ (the
average of log Ju over any invariant measure is negative). If M has dimension d and has
onstant setional urvature −1, this inequality just reads hKS(µ) ≤ d − 1. The equality
holds in (1.1) if and only if µ is the Liouville measure on E [19℄. Our entral result is the
following
Theorem 1.2. Let µ be a semilassial measure assoiated to the eigenfuntions of the
Laplaian on M . Then its metri entropy satises
(1.2) hKS(µ) ≥ 3
2
∣∣∣∣∫
E
log Ju(ρ)dµ(ρ)
∣∣∣∣− (d− 1)λmax ,
where d = dimM and λmax = limt→±∞
1
t
log supρ∈E |dgtρ| is the maximal expansion rate of
the geodesi ow on E .
In partiular, if M has onstant setional urvature −1, this means that
(1.3) hKS(µ) ≥ d− 1
2
.
The rst author proved in [1℄ that the entropy of suh a semilassial measure is bounded
from below by a positive (hardly expliit) onstant. The bound (1.3) in the above theorem
is muh sharper in the ase of onstant urvature. On the other hand, if the urvature
varies a lot (still being negative everywhere), the right hand side of (1.2) may atually be
negative, in whih ase the above bound is trivial. We believe this to be but a tehnial
shortoming of our method
1
, and would atually expet the following bound to hold:
(1.4) hKS(µ) ≥ 1
2
∣∣∣∣∫
E
log Ju(ρ)dµ(ρ)
∣∣∣∣ .
Remark 1.3. Proposition 1.1 and Theorem 1.2 still apply if µ is not assoiated to a
subsequene of eigenstates, but rather a sequene (u~)~→0 of quasimodes of the Laplaian,
of the following order:
‖(−~2 △−1)u~‖ = o(~| log ~|−1)‖u~‖ , ~→ 0 .
This extension of the theorem requires little modiations, whih we leave to the reader.
It is also possible to prove lower bounds on the entropy in the ase of quasimodes of the
1
Herbert Koh has reently managed to improve the above lower bound to
∣∣∫
E
log Ju(ρ)dµ(ρ)
∣∣ −
(d−1)λmax
2 .
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type
‖(−~2△−1)u~‖ ≤ c ~| log ~|−1‖u~‖ , ~→ 0 ,
as long as c > 0 is suiently small. However, this extension is not as straightforward as
in [1℄, so we defer it to a future work.
Remark 1.4. In this artile we only treat the ase of the geodesi ow, but our methods
an obviously be adapted to the ase of a more general Hamiltonian ow, assumed to be
Anosov on some ompat energy layer. The quantum operator an then be any standard
~-quantization of the Hamiltonian funtion.
Although this paper is overall in the same spirit as [1℄, ertain aspets of the proof
are quite dierent. We reall that the proof given in [1℄ required to study the quantum
dynamis far beyond the Ehrenfest time  i.e. the time needed by the lassial ow to
transform wavelengths ∼ 1 into wavelengths ∼ ~. In this paper we will study the dynamis
until twie the Ehrenfest time, but not beyond. In variable urvature, the fat that the
Ehrenfest time depends on the initial position seems to be the reason why the bound (1.2)
is not optimal.
Quantum Unique Ergodiity would mean that hKS(µ) =
∣∣∫
E
log Ju(ρ) dµ(ρ)
∣∣
. We believe
however that (1.4) is the optimal result that an be obtained without using more preise
information, like for instane upper bounds on the multipliities of eigenvalues. Indeed,
in the above mentioned examples of Anosov systems where Quantum Unique Ergodiity
fails, the bound (1.4) is atually sharp [11, 15, 2℄. In those examples, the spetrum has
high degeneraies in the semilassial limit, whih allows for a lot of freedom to selet the
eigenstates. Suh high degeneraies are not expeted to happen in the ase of the Laplaian
on a negatively urved manifold. Yet, for the moment we have no lear understanding of
the relationship between spetral degeneraies and failure of Quantum Unique Ergodiity.
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la Re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he, under the grant ANR-05-JCJC-0107-01. They are grateful to Yves Colin de
Verdière for his enouragement and his 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2. Outline of the proof
2.1. Weighted entropi unertainty priniple. Our main tool is an adaptation of the
entropi unertainty priniple onjetured by Kraus in [18℄ and proven by Maassen and
Unk [21℄. This priniple states that if a unitary matrix has small entries, then any of its
eigenvetors must have a large Shannon entropy. For our purposes, we need an elaborate
version of this unertainty priniple, whih we shall prove in Setion 6.
Let (H, 〈., .〉) be a omplex Hilbert spae, and denote ‖ψ‖ = √〈ψ, ψ〉 the assoiated
norm. Let π = (πk)k=1,...,N be an quantum partition of unity, that is, a family of operators
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on H suh that
(2.1)
N∑
k=1
πkπ
∗
k = Id.
In other words, for all ψ ∈ H we have
‖ψ‖2 =
N∑
k=1
‖ψk‖2 where we denote ψk = π∗kψ for all k = 1, . . . ,N .
If ‖ψ‖ = 1, we dene the entropy of ψ with respet to the partition π as
hπ(ψ) = −
N∑
k=1
‖ψk‖2 log‖ψk‖2 .
We extend this denition by introduing the notion of pressure, assoiated to a family
(αk)k=1,...,N of positive real numbers: it is dened by
pπ,α(ψ) = −
N∑
k=1
‖ψk‖2 log‖ψk‖2 −
N∑
k=1
‖ψk‖2 logα2k.
In Theorem 2.1 below, we use two families of weights (αk)k=1,...,N , (βj)j=1,...,N , and onsider
the orresponding pressures pπ,α, pπ,β.
Besides the appearane of the weights α, β, we also modify the statement in [21℄ by
introduing an auxiliary operator O  for reasons that should beome lear later.
Theorem 2.1. Let O be a bounded operator and U an isometry on H. Dene A = maxk αk,
B = maxj βj and
c
(α,β)
O (U) def= sup
j,k
αkβj‖π∗j U πkO‖L(H) .
Then, for any ǫ ≥ 0, for any normalized ψ ∈ H satisfying
∀k = 1, . . . ,N , ‖(Id− O)π∗kψ‖ ≤ ǫ ,
the pressures pπ,β
(Uψ), pπ,α(ψ) satisfy
pπ,β
(Uψ)+ pπ,α(ψ) ≥ −2 log (c(α,β)O (U) +N AB ǫ) .
Remark 2.2. The result of [21℄ orresponds to the ase where H is an N -dimensional
Hilbert spae, O = Id, ǫ = 0, αk = βj = 1, and the operators πk are orthogonal projetors
on an orthonormal basis of H. In this ase, the theorem reads
hπ(Uψ) + hπ(ψ) ≥ −2 log c(U) ,
where c(U) is the supremum of all matrix elements of U in the orthonormal basis dened
by π.
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2.2. Applying the entropi unertainty priniple to the Laplaian eigenstates. In
the whole artile, we onsider a ertain subsequene of eigenstates (ψkj)j∈N of the Laplaian,
suh that the orresponding sequene of Wigner funtions (Wkj) onverges to a ertain
semilassial measure µ (see the disussion preeding Proposition 1.1). The subsequene
(ψkj ) will simply be denoted by (ψ~)~→0, using the slightly abusive notation ψ~ = ψ~kj for
the eigenstate ψkj . Eah state ψ~ satises
(2.2) (−~2 △−1)ψ~ = 0 .
In this setion we dene the data to input in Theorem 2.1, in order to obtain informations
on the eigenstates ψ~ and the measure µ. Only the Hilbert spae is xed, H def= L2(M). All
other data depend on the semilassial parameter ~: the quantum partition π, the operator
O, the positive real number ǫ, the weights (αj), (βk) and the unitary operator U .
2.2.1. Smooth partition of unity. As usual when omputing the KolmogorovSinai entropy,
we start by deomposing the manifoldM into small ells of diameter ε > 0. More preisely,
let (Ωk)k=1,...,K be an open over of M suh that all Ωk have diameters ≤ ε, and let
(Pk)k=1,...,K be a family of smooth real funtions on M , with suppPk ⋐ Ωk, suh that
(2.3) ∀x ∈M,
K∑
k=1
P 2k (x) = 1 .
Most of the time, the notation Pk will atually denote the operator of multipliation by
Pk(x) on the Hilbert spae L
2(M): the above equation shows that they form a quantum
partition of unity (2.1), whih we will all P(0).
2.2.2. Renement of the partition under the Shrödinger ow. We denote the quantum
propagator by U t = exp(it~△ / 2). With no loss of generality, we will assume that the
injetivity radius of M is greater than 2, and work with the propagator at time unity,
U = U1. This propagator quantizes the ow at time one, g1. The ~-dependene of U will
be impliit in our notations.
As one does to ompute the KolmogorovSinai entropy of an invariant measure, we dene
a new quantum partition of unity by evolving and rening the initial partition P(0) under
the quantum evolution. For eah time n ∈ N and any sequene of symbols ǫ = (ǫ0 · · · ǫn),
ǫi ∈ [1, K] (we say that the sequene ǫ is of length |ǫ| = n), we dene the operators
Pǫ = PǫnUPǫn−1 . . . UPǫ0
P˜ǫ = U
−nPǫ = Pǫn(n)Pǫn−1(n− 1) . . . Pǫ0 .
(2.4)
Throughout the paper we will use the notation A(t) = U−tAU t for the quantum evolution
of an operator A. From (2.3) and the unitarity of U , the family of operators {Pǫ}|ǫ|=n
obviously satises the resolution of identity
∑
|ǫ|=n PǫP
∗
ǫ
= IdL2, and therefore forms a
quantum partition whih we all P(n). The operators P˜ǫ also have this property, they will
be used in the proof of the subadditivity, see setions 2.2.7 and 4.
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2.2.3. Energy loalization. In the semilassially setting, the eigenstate ψ~ of (2.2) is as-
soiated with the energy layer E = E(1/2) = {ρ ∈ T ∗M, H(ρ) = 1/2}. Starting from the
otangent bundle T ∗M , we restrit ourselves to a ompat phase spae by introduing an
energy uto (atually, several utos) near E . To optimize our estimates, we will need
this uto to depend on ~ in a sharp way. For some xed δ ∈ (0, 1), we onsider a smooth
funtion χδ ∈ C∞(R; [0, 1]), with χδ(t) = 1 for |t| ≤ e−δ/2 and χδ(t) = 0 for |t| ≥ 1. Then,
we resale that funtion to obtain a family of ~-dependent utos near E :
(2.5) ∀~ ∈ (0, 1), ∀n ∈ N, ∀ρ ∈ T ∗M, χ(n)(ρ; ~) def= χδ
(
e−nδ ~−1+δ(H(ρ)− 1/2)) .
The uto χ(0) is loalized in an energy interval of length 2~1−δ. Choosing 0 < Cδ < δ
−1−1,
we will only onsider indies n ≤ Cδ| log ~|, suh that the widest uto will be supported
in an interval of mirosopi length 2~1−(1+Cδ)δ << 1. In our appliations, we will take δ
small enough, so that we may assume Cδ > 4/λmax.
These utos an be quantized into pseudodierential operators Op(χ(n)) = OpE,~(χ
(n))
desribed in Setion 5.1 (the quantization uses a nonstandard pseudodierential alulus
drawn from [24℄). It is shown there (see Proposition 5.4) that the eigenstate ψ~ satises
(2.6) ‖(Op(χ(0))− 1)ψ~‖ = O(~∞) ‖ψ~‖.
Here and below, the norm ‖·‖ will either denote the Hilbert norm on H = L2(M), or the
orresponding operator norm.
Remark 2.3. We will onstantly use the fat that sharp energy loalization is almost pre-
served by the operators Pǫ. Indeed, using results of setion 5.4, namely the rst statement
of Corollary 5.6 and the norm estimate (5.13), we obtain that for ~ small enough and any
m, m′ ≤ Cδ| log ~|/2,
(2.7) ∀|ǫ| = m, ‖Op(χ(m′+m))P ∗
ǫ
Op(χ(m
′))− P ∗
ǫ
Op(χ(m
′))‖ = O(~∞) .
Here the implied onstants are uniform with respet to m, m′  and of ourse the same
estimates hold if we replae P ∗
ǫ
by Pǫ. Similarly, from 5 one an easily show that
∀|ǫ| = m, ‖PǫOp(χ(m′))− P fǫ Op(χ(m
′))‖ = O(~∞) ,
where P fǫj
def
= Op
~
(Pǫj f), f is a smooth, ompatly supported funtion in T
∗M whih takes
the value 1 in a neighbourhood of E  and P f
ǫ
= P fǫmUP
f
ǫm−1
. . . UP fǫ0.
In the whole paper, we will x a small δ′ > 0, and all Ehrenfest time the ~-dependent
integer
(2.8) nE(~)
def
=
⌊(1− δ′)| log ~|
λmax
⌋
.
Unless indiated otherwise, the integer n will always be taken equal to nE . For us, the
signiane of the Ehrenfest time is that it is the largest time interval on whih the (non
ommutative) dynamial system formed by (U t) ating on pseudodierential operators an
be treated as being, approximately, ommutative (see (4.2)).
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Using the estimates (2.7) with m = n, m′ = 0 together with (2.6), one easily heks the
following
Proposition 2.4. For any xed L > 0, there exists ~L suh that, for any ~ ≤ ~L, any
n ≤ nE(~) and any sequene ǫ of length n, the Laplaian eigenstate ψ~ satises
(2.9) ‖(Op(χ(n))− Id)P ∗
ǫ
ψ~‖ ≤ ~L‖ψ~‖ .
2.2.4. Applying the entropi unertainty priniple. We now preise some of the data we
will use in the entropi unertainty priniple, Theorem 2.1:
• the quantum partition π is given by the family of operators {Pǫ, |ǫ| = n = nE}.
In the semilassial limit, this partition has ardinality N = Kn ≍ ~−K0 for some
xed K0 > 0.
• the operator O is O = Op(χ(n)), and ǫ = ~L, where L will be hosen very large (see
2.2.6).
• the isometry will be U = Un = UnE .
• the weights αǫ, βǫ will be seleted in 2.2.6. They will be semilassially tempered,
meaning that there exists K1 > 0 suh that, for ~ small enough, all αǫ, βǫ are
ontained in the interval [1, ~−K1].
As in Theorem 2.1, the entropy and pressures assoiated with a normalized state φ ∈ H
are given by
hn(φ) = hP(n)(φ) = −
∑
|ǫ|=n
‖P ∗
ǫ
φ‖2 log (‖P ∗
ǫ
φ‖2),(2.10)
pn,α(φ) = hn(φ)− 2
∑
|ǫ|=n
‖P ∗
ǫ
φ‖2 logαǫ.(2.11)
We may apply Theorem 2.1 to any sequene of states satisfying (2.9), in partiular the
eigenstates ψ~.
Corollary 2.5. Dene
(2.12) cα,β
Op(χ(n))
(Un)
def
= max
|ǫ|=|ǫ′|=n
(
αǫ βǫ′‖P ∗ǫ′ Un PǫOp(χ(n))‖
)
,
Then for ~ small enough and for any normalized state φ satisfying (2.9),
pn,β(U
n φ) + pn,α(φ) ≥ −2 log
(
cα,β
Op(χ(n))
(Un) + hL−K0−2K1
)
.
Most of Setion 3 will be devoted to obtaining a good upper bound for the norms
‖P ∗
ǫ
′ Un PǫOp(χ
(n))‖ involved in the above quantity. The bound is given in Theorem 2.6
below. Our hoie for the weights αǫ, βǫ will then be guided by these upper bounds.
2.2.5. Unstable Jaobian for the geodesi ow. We need to reall a few denitions pertain-
ing to Anosov ows. For any λ > 0, the geodesi ow gt is Anosov on the energy layer
E(λ) = H−1(λ) ⊂ T ∗M . This implies that for eah ρ ∈ E(λ), the tangent spae TρE(λ)
splits into
TρE(λ) = Eu(ρ)⊕Es(ρ)⊕ RXH(ρ)
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where Eu is the unstable subspae and Es the stable subspae. The unstable Jaobian
Ju(ρ) at the point ρ is dened as the Jaobian of the map g−1, restrited to the unstable
subspae at the point g1ρ: Ju(ρ) = det
(
dg−1|Eu(g1ρ)
)
(the unstable spaes at ρ and g1ρ are
equipped with the indued Riemannian metri). This Jaobian an be oarse-grained as
follows in a neighbourhood Eε def= E([1/2− ε, 1/2 + ε]) of E . For any pair (ǫ0, ǫ1) ∈ [1, K]2,
we dene
(2.13) Ju1 (ǫ0, ǫ1)
def
= sup
{
Ju(ρ) : ρ ∈ T ∗Ωǫ0 ∩ Eε, g1ρ ∈ T ∗Ωǫ1
}
if the set on the right hand side is not empty, and Ju1 (ǫ0, ǫ1) = e
−Λ
otherwise, where
Λ > 0 is a xed large number. For any sequene of symbols ǫ of length n, we dene the
oarse-grained Jaobian
(2.14) Jun (ǫ)
def
= Ju1 (ǫ0, ǫ1) . . . J
u
1 (ǫn−1, ǫn) .
Although Ju and Ju1 (ǫ0, ǫ1) are not neessarily everywhere smaller than unity, there exists
C, λ+, λ− > 0 suh that, for any n > 0, all the oarse-grained Jaobians of length n satisfy
(2.15) C−1 e−n(d−1) λ+ ≤ Jun(ǫ) ≤ C e−n(d−1) λ− .
One an take λ+ = λmax(1+ε). We an now give our entral estimate, proven in Setion 3.
Theorem 2.6. Given a partition P(0) and δ, δ′ > 0 small enough, there exists ~P(0),δ,δ′ suh
that, for any ~ ≤ ~P(0),δ,δ′, for any positive integer n ≤ nE(~), and any pair of sequenes
ǫ, ǫ′ of length n,
(2.16) ‖P ∗
ǫ
′ Un PǫOp(χ
(n))‖ ≤ C ~−(d−1+cδ) Jun(ǫ)1/2 Jun(ǫ′) .
The onstants c, C only depend on the Riemannian manifold (M, g).
2.2.6. Choie of the weights. There remains to hoose the weights (αǫ, βǫ) to use in The-
orem 2.1. Our hoie is guided by the following idea: in the quantity (2.12), the weights
should balane the variations (with respet to ǫ, ǫ′) in the norms, suh as to make all terms
in (2.12) of the same order. Using the upper bounds (2.16), we end up with the following
hoie for all ǫ of length n:
(2.17) αǫ
def
= Jun(ǫ)
−1/2
and βǫ
def
= Jun (ǫ)
−1 .
All these quantities are dened using the Ehrenfest time n = nE(~). From (2.15), there
exists K1 > 0 suh that, for ~ small enough, all the weights are bounded by
(2.18) 1 ≤ |αǫ| ≤ ~−K1, 1 ≤ |βǫ| ≤ ~−K1 ,
as announed in 2.2.4. The estimate (2.16) an then be rewritten as
cα,β
Op(χ(n))
(Un) ≤ C ~−(d−1+cδ) .
We now apply Corollary 2.5 to the partiular ase of the eigenstates ψ~. We hoose L large
enough suh that ~
L−K0−2K1
is negligible in omparison with ~
−(d−1+cδ)
.
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Proposition 2.7. Let (ψ~)~→0 be our sequene of eigenstates (2.2). Then, in the semi-
lassial limit, the pressures of ψ~ at time n = nE(~) satisfy
(2.19) pn,α(ψ~) + pn,β(ψ~) ≥ 2(d− 1 + cδ) log ~+O(1) ≥ −2(d− 1 + cδ)λmax
(1− δ′) n+O(1) .
2.2.7. Subadditivity until the Ehrenfest time. Before taking the limit ~→ 0, we prove that
a similar lower bound holds if we replae n ≍ | log ~| by some xed no, and P(n) by the
orresponding partition P(no). This is due to the following subadditivity property, whih is
the semilassial analogue of the lassial subadditivity of pressures for invariant measures.
Proposition 2.8 (Subadditivity). Let δ′ > 0 and dene the Ehrenfest time nE(~) as in
(2.8). There exists a real number R > 0 independent of δ′ and a funtion R(•, •) on
N× (0, 1] suh that
∀no ∈ N, lim sup
~→0
|R(no, ~)| ≤ R
and with the following properties. For any ~ ∈ (0, 1], any no, m ∈ N with no +m ≤ nE(~),
for ψ~ any normalized eigenstate satisfying (2.2), we have
pno+m,α(ψ~) ≤ pno,α(ψ~) + pm−1,α(ψ~) +R(no, ~) .
The same inequality holds for pno+m,β(ψ~).
The proof is given in 4. The time no +m needs to be smaller than the Ehrenfest time
beause, in order to show the subadditivity, the various operators Pǫi(i) omposing P˜ǫ
have to approximately ommute with eah other. Indeed, for m ≥ nE(~) the ommutator
[Pǫm(m), Pǫ0] may have a norm of order unity.
Equipped with this subadditivity, we may nish the proof of Theorem 1.2. Let no ∈ N
be xed and n = nE(~). Using the Eulidean division n = q(no + 1) + r, with r ≤ no,
Proposition 2.8 implies that for ~ small enough,
pn,α(ψ~)
n
≤ pno,α(ψ~)
no
+
pr,α(ψ~)
n
+
R(no, ~)
no
.
Using (2.19) and the fat that pr,α(ψ~) + pr,β(ψ~) stays uniformly bounded (by a quantity
depending on no) when ~→ 0, we nd
(2.20)
pno,α(ψ~)
no
+
pno,β(ψ~)
no
≥ −2(d− 1 + cδ)λmax
(1− δ′) − 2
R(no, ~)
no
+Ono(1/n) .
We are now dealing with the partition P(no), n0 being independent of ~.
2.2.8. End of the proof. As explained at the beginning of 2.2, the subsequene (ψ~)~→0
has the property that the Wigner measures Wψ~ onverge to the semilassial measure µ
on E . Beause ψ~ are eigenstates of U , the norms appearing in the denition of hno(ψ~)
an be alternatively written as
(2.21) ‖P ∗
ǫ
ψ~‖ = ‖P˜ ∗ǫ ψ~‖ = ‖Pǫ0Pǫ1(1) · · ·Pǫno (no)ψ~‖ .
We may take the limit ~→ 0 (so that n→∞) in (2.20). For any sequene ǫ of length no,
the above onvergene property implies that eah ‖P˜ ∗
ǫ
ψ~‖2 onverges to µ({ǫ}), where {ǫ}
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is the funtion P 2ǫ0 (P
2
ǫ1 ◦g1) . . . (P 2ǫno ◦gno) on T ∗M . Thus hno(ψ~) semilassially onverges
to the lassial entropy
hno(µ) = hno(µ, (P
2
k )) = −
∑
|ǫ|=no
µ({ǫ}) logµ({ǫ}) .
As a result, the left hand side of (2.20) onverges to
(2.22)
2
no
hno(µ) +
3
no
∑
|ǫ|=no
µ({ǫ}) log Juno(ǫ) .
Sine the semilassial measure µ is gt-invariant and Juno has the multipliative struture
(2.14), the seond term in (2.22) an be simplied:∑
|ǫ|=no
µ({ǫ}) log Juno(ǫ) = no
∑
ǫ0,ǫ1
µ({ǫ0ǫ1}) log Ju1 (ǫ0, ǫ1) .
We have thus obtained the lower bound
(2.23)
hno(µ)
no
≥ −3
2
∑
ǫ0,ǫ1
µ({ǫ0ǫ1}) log Ju1 (ǫ0, ǫ1)−
(d− 1 + cδ)λmax
(1− δ′) − 2
R
no
.
δ and δ′ ould be taken arbitrarily small, and at this stage they an be let vanish.
The KolmogorovSinai entropy of µ is by denition the limit of the rst term hno (µ)
no
when no goes to innity, with the notable dierene that the smooth funtions Pk should
be replaed by harateristi funtions assoiated with some partition of M , M =
⊔
k Ok.
Thus, let us onsider suh a partition of diameter ≤ ε/2, suh that µ does not harge the
boundaries of the Ok. By onvolution we an smooth the harateristi funtions (1lOk) into
a smooth partition of unity (Pk) satisfying the onditions of setion 2.2.1 (in partiular,
eah Pk is supported on a set Ωk of diameter ≤ ε). The lower bound (2.23) holds with
respet to the smooth partition (P 2k ), and does not depend on the derivatives of the Pk: as
a result, the same bound arries over to the harateristi funtions (1lOk).
We an nally let no tend to +∞, then let the diameter ε/2 of the partition tend to 0.
From the denition (2.13) of the oarse-grained Jaobian, the rst term in the right hand
side of (2.23) onverges to the integral −3
2
∫
E
log Ju(ρ)dµ(ρ) as ε→ 0, whih proves (1.2).

The next setions are devoted to proving, suessively, Theorem 2.6, Proposition 2.8 and
Theorem 2.1.
3. The main estimate: proof of Theorem 2.6
3.1. Strategy of the proof. We want to bound from above the norm of the operator
P ∗
ǫ
′ Un PǫOp(χ
(n)). This norm an be obtained as follows:
‖P ∗
ǫ
′ Un PǫOp(χ
(n))‖ = sup {|〈Pǫ′Φ, Un PǫOp(χ(n))Ψ〉| : Ψ, Φ ∈ H, ‖Ψ‖ = ‖Φ‖ = 1} .
Using Remark 2.3, we may insert Op(χ(4n)) on the right of Pǫ′, up to an error OL2(~∞).
In this setion we will prove the following
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Proposition 3.1. For ~ small enough, for any time n ≤ nE(~), for any sequenes ǫ, ǫ′ of
length n and any normalized states Ψ, Φ ∈ L2(M), one has
(3.1) |〈Pǫ′ Op(χ(4n)) Φ, Un PǫOp(χ(n))Ψ〉| ≤ C ~−(d−1)−cδ Jun(ǫ)1/2Jun(ǫ′) .
Here we have taken δ small enough suh that Cδ > 4/λmax, and nE(~) is the Ehrenfest
time (2.8). The onstants C and c = 2+5/λmax only depend on the Riemannian manifold
M .
For suh times n, the right hand side in the above bound is larger than C ~
1
2
(d−1)
, in
omparison to whih the errors O(~∞) are negligible. Theorem 2.6 therefore follows from
the above proposition.
The idea in Proposition 3.1 is rather simple, although the tehnial implementation
beomes umbersome. We rst show that any state of the form Op(χ(∗))Ψ, as those ap-
pearing on both sides of the salar produt (3.1), an be deomposed as a superposition
of essentially ~
− (d−1)
2
normalized Lagrangian states, supported on Lagrangian manifolds
transverse to the stable leaves of the ow: see 3.2. In fat the states we start with are
trunated δfuntions (see (3.2)), whih are miroloally supported on Lagrangians of the
form ∪tgtS∗zM , where S∗zM is the unit sphere at the point z. The ation of the operator
Pǫ = PǫnUPǫn−1U · · ·UPǫ0 on suh Lagrangian states is intuitively simple to understand:
eah appliation of U strethes the Lagrangian in the unstable diretion (the rate of elon-
gation being desribed by the unstable Jaobian) whereas eah multipliation by Pǫ uts
a small piee of Lagrangian. This iteration of strething and utting aounts for the
exponential deay, see 3.4.2.
3.2. Deomposition of Op(χ)Ψ into elementary Lagrangian states. In Proposi-
tion 3.1, we apply the uto Op(χ(n)) on Ψ, respetively Op(χ(4n)) on Φ. To avoid too
umbersome notations, we treat both ases at the same time, denoting both utos by
χ = χ(∗), and their assoiated quantization by Op(χ). The original notations will be
restored only when needed. The energy uto χ is supported on a mirosopi energy
interval, where it varies between 0 and 1. In spite of those fast variations in the dire-
tion transverse to E , it an be quantized suh as to satisfy some sort of pseudodierential
alulus. As explained in Setion 5.3, the quantization Op
def
= OpE,~ (see (5.11)) uses a
nite family of Fourier Integral Operators (Uκj ) assoiated with loal anonial maps (κj).
Eah κj sends an open bounded set Vj ⊂ T ∗M interseting E to Wj ⊂ R2d, endowed with
oordinated (y, η) = (y1, . . . , yd, η1, . . . , ηd), suh that H ◦ κ−1j = η1 + 1/2. In other words,
eah κj denes a set of loal ow-box oordinates (y, η), suh that y1 is the time variable
and η1 + 1/2 the energy, while (y
′, η′) ∈ R2(d−1) are sympleti oordinates in a Poinaré
setion transverse to the ow.
3.2.1. Integral representation of Uκj . Sine κj is dened only on Vj , one may assume that
Uκju = 0 for funtions u ∈ L2(M \ πVj) (here and below π will represent either the
projetion from T ∗M to M along bers, or from R2dy,η to R
d
y). If Vj is small enough, the
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ation of Uκj on a funtion Ψ ∈ L2(M) an be represented as follows:
[UκjΨ](y) = (2π~)
−D+d
2
∫
πVj
e
i
~
S(z,y,θ) a~(z, y, θ) Ψ(z) dz dθ ,
where
 θ takes values in an open neighbourhood Θj ⊂ RD for some integer D ≥ 0,
 the Lagrangian manifold generated by S is the graph of κj ,
 a~(z, y, θ) has an asymptoti expansion a~ ∼
∑
l≥0 ~
l al, and it is supported on πVj ×
πWj ×Θj.
When applying the denition (5.11) to the uto χ, we notie that the produt χ(1−φ) ≡
0, so that Op(χ) is given by the sum of operators Op(χ)j = U
∗
κj
Opw
~
(χj)Uκj , eah of them
eetively ating from L2(πVj) to itself. We denote by δj(x; z) the kernel of the operator
Op(χ)j : it is given by the integral
(3.2) δj(x; z) = (2π~)
−(D+2d)
∫
e−
i
~
S(x,y,θ)e
i
~
〈y−y˜,η〉e
i
~
S(z,y˜,θ˜)×
a¯~(x, y, θ) a~(z, y˜, θ˜)ϕj(y, η)χ(η1) dy dθ dy˜ dθ˜ dη .
For any wavefuntion Ψ ∈ L2(M), we have therefore
(3.3) [Op(χ)Ψ](x) =
∑
j
∫
πVj
Ψ(z)δj(x; z) dz .
We temporarily restore the dependene of δj(x; z) on the utos, alling δ
(n)
j (x; z) the
kernel of the operator Op(χ(n))j. In order to prove Proposition 3.1, we will for eah set
(j, j′, z, z′), obtain approximate expressions for the wavefuntions U t Pǫ δ
(n)
j (z), respetively
Pǫ′ δ
(4n)
j′ (z
′), and use these expressions to bound from above their overlaps:
Lemma 3.2. Under the assumptions and notations of Proposition 3.1, the upper bound
|〈U−n/2Pǫ′ δ(4n)j′ (z′), Un/2 Pǫ δ(n)j (z)〉| ≤ C ~−(d−1)−cδ Jun(ǫ)1/2Jun(ǫ′) .
holds uniformly for any j, j′, any points z ∈ πVj, z′ ∈ πVj′ and any n-sequenes ǫ, ǫ′.
Using (3.3) and the Cauhy-Shwarz inequality ‖Ψ‖L1 ≤
√
Vol(M) ‖Ψ‖L2 , this Lemma
yields Proposition 3.1.
In the following setions we study the ation of the operator Pǫ on the state δ(z) = δ
(∗)
j (z)
of the form (3.2). By indution on n, we propose an Ansatz for that state, valid for times
n = |ǫ| of the order of | log ~|. Apart from the sharp energy uto, this Ansatz is similar
to the one desribed in [1℄.
3.3. WKB Ansatz for the rst step. The rst step of the evolution onsists in ap-
plying the operator UPǫ0 to δ(z). For this aim, we will use the deomposition (3.2) into
WKB states of the form a(x)eiS(x)/~, and evolve suh states individually through the above
operator. We briey review how the propagator U t = eit~△/2 evolves suh states.
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3.3.1. Evolution of a WKB state. Consider an initial state u(0) of the form u(0, x) =
a~(0, x) e
i
~
S(0,x)
, where S(0, •), a~(0, •) are smooth funtions dened on a subset Ω ⊂ M ,
and a~ expands as a~ ∼
∑
k ~
k ak. This represents a WKB (or Lagrangian) state, supported
on the Lagrangian manifold L(0) = {(x, dxS(0, x)), x ∈ Ω}.
Then, for any integer N , the state u˜(t)
def
= U tu(0) an be approximated, to order ~N , by
a WKB state u(t) of the following form:
(3.4) u(t, x) = e
iS(t,x)
~ a~(t, x) = e
iS(t,x)
~
N−1∑
k=0
~
kak(t, x) .
Sine we want u(t) to solve ∂u
∂t
= i~△xu
2
up to a remainder of order ~
N
, the funtions S
and ak must satisfy the following partial dierential equations:
(3.5)

∂S
∂t
+H(x, dxS) = 0 (Hamilton-Jaobi equation)
∂a0
∂t
= −〈dxa0, dxS(t, x)〉 − a0△xS(t,x)2 (0-th transport equation) ,
∂ak
∂t
= i△ak−1
2
− 〈dxak, dxS〉 − ak△S2 (k-th transport equation) .
Assume that, on a ertain time interval  say s ∈ [0, 1]  the above equations have a
well dened smooth solution S(s, x), meaning that the transported Lagrangian manifold
L(s) is of the form L(s) = {(x, dxS(s, x))}, where S(s) is a smooth funtion on the open
set πL(s). Under these onditions, we denote as follows the indued ow on M :
(3.6) gtS(s) : x ∈ πL(s) 7→ πgt
(
x, dxS(s, x)
) ∈ πL(s+ t) ,
This ow satises the property gtS(s+τ) ◦ gτS(s) = gt+τS(s). We then introdue the following
(unitary) operator T tS(s), whih transports funtions on πL(s) into funtions on L(s+ t):
(3.7) T tS(s)(a)(x) = a ◦ g−tS(s+t)(x)
(
J−tS(s+t)(x)
)1/2
.
Here J tS(s)(x) is the Jaobian of the map g
t
S(s) at the point x (measured with respet to the
Riemannian volume on M). It is given by
(3.8) J tS(s)(x) = exp
{∫ t
0
△S(s+ τ, gτS(s)(x))) dτ} .
The 0-th transport equation in (3.5) is expliitly solved by
(3.9) a0(t) = T
t
S(0) a0 , t ∈ [0, 1] ,
and the higher-order terms k ≥ 1 are given by
(3.10) ak(t) = T
t
S(0)ak +
∫ t
0
T t−sS(s)
(
i△ ak−1
2
(s)
)
ds .
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The funtion u(t, x) dened by (3.4) satises the approximate equation
∂u
∂t
= i~
△u
2
− i~N e i~S(t,x)△aN−1
2
(t, x) .
From Duhamel's priniple and the unitarity of U t, the dierene between u(t) and the
exat solution u˜(t) is bounded, for t ∈ [0, 1], by
(3.11) ‖u(t)− u˜(t)‖L2 ≤ ~
N
2
∫ t
0
‖△aN−1(s)‖L2 ds ≤ C t ~N
( N−1∑
k=0
‖ak(0)‖C2(N−k)
)
.
The onstant C is ontrolled by the volumes of the sets πL(s) (0 ≤ s ≤ t ≤ 1), and by a
ertain number of derivatives of the ow g−tS(s+t) (0 ≤ s+ t ≤ 1).
3.3.2. The Ansatz for time n = 1. We now apply the above analysis to study the evolution
of the state δ(z) given by the integral (3.2). Until setion 3.5.2, we will onsider a single
point z. Seleting in (3.2) a pair (y, θ) in the support of a~, we onsider the state
u(0, x) = e−
i
~
S(x,y,θ) a¯ǫ0
~
(x, y, θ), where aǫ0
~
(x, y, θ)
def
= Pǫ0(x) a~(x, y, θ) .
Notie that this state is ompatly supported in Ωǫ0 . We will hoose a (large) integer N > 0
(see the ondition at the very end of 3.6), trunate the ~-expansion of a¯ǫ0
~
to the order
N˜ = N + D + 2d, and apply to that state the WKB evolution desribed in the previous
setion, up to order N˜ and for times 0 ≤ t ≤ 1. We then obtain an approximate state
a¯ǫ0
~
(t, x; y, θ) e−
i
~
S(t,x;y,θ)
. By the superposition priniple, we get the following representation
for the state U tPǫ0 δ(z):
(3.12) [U tPǫ0 δ(z)](x) = (2π~)
− d+1
2
∫
v(t, x; z, η1)χ(η1) dη1 +OL2(~N) ,
where for eah energy parameter η1 we took
(3.13) v(t, x; z, η1) = (2π~)
−D− 3d−1
2
∫
e−
i
~
S(t,x;y,θ) e
i
~
〈y−y˜,η〉 e
i
~
S(z,y˜,θ˜)×
a¯ǫ0
~
(t, x; y, θ) a~(z; y˜, θ˜)ϕj(y, η) dy dθ dy˜ dθ˜ dη
′
(here η′ = (η2, . . . , ηd)). The reason why we integrate over all variables but η1 lies in the
sharp uto χ: due to this uto one annot apply a stationary phase analysis in the
variable η1.
At time t = 0, the state v(0, •; z, η1) is a WKB state, supported on the Lagrangian
manifold
L0η1(0) =
{
ρ ∈ E(1/2 + η1), π(ρ) ⊂ Ωǫ0 , ∃τ ∈ [−1, 1], g−τρ ∈ T ∗zM
}
.
This Lagrangian is obtained by propagating the sphere S∗z,η1M =
{
ρ = (z, ξ), |ξ|z =
√
1 + 2η1
}
on the interval τ ∈ [−1, 1], and keeping only the points situated above Ωǫ0. The projetion
of L0η1(0) on M is not one-to-one: the point z has innitely many preimages, while other
points x ∈ Ωǫ0 have in general two preimages (x, ξx) and (x,−ξx).
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0
ΩZ
Ωε
ε1
T*z
0L(0)
0L(1)
L(0)1
Figure 3.1. Sketh of the Lagrangian manifold L0η1(0) situated above Ωǫ0
and entered at z (enter ellipse, dark pink), its image L0η1(1) through the
ow (external annulus, light pink) and the intersetion L1η1(0) of the latter
with T ∗Ωǫ1 . The thik arrows show the possible momenta at points x ∈ M
(blak dots)
Let us assume that the diameter of the partition ε is less than 1/6. For 0 < t ≤ 1,
v(t; z, η1) is a WKB state supported on L0η1(t) = gtL0η1(0). If the time is small, L0η1(t) still
intersets T ∗zM . On the other hand, all points in E(1/2 + η1) move at a speed
√
1 + 2η1 ∈
[1 − 2ε, 1 + ε], so for times t ∈ [3ε, 1] any point x ∈ πL0η1(t) is at distane greater than ε
from Ωǫ0 . Sine the injetivity radius of M is ≥ 2, suh a point x is onneted to z by a
single short geodesi ar. Furthermore, sine x is outside Ωǫ0 , there is no ambiguity about
the sign of the momentum at x: in onlusion, there is a unique ρ ∈ L0η1(t) sitting above x
(Fig. 3.1).
For times 3ε ≤ t ≤ 1, the Lagrangian L0η1(t) an therefore be generated by a single
funtion S0(t, •; z, η1). Equivalently, for any x in the support of v(t, •; z, η1), the integral
(3.13) is stationary at a unique set of parameters •c = (yc, θc, y˜c, θ˜c, η′c), and leads to an
expansion (up to order ~
N
):
(3.14)
v(t; z, η1) = v
0(t; z, η1) +O(~N) , where v0(t, x; z, η1) = e i~ S0(t,x;z,η1) b0~(t, x; z, η1) .
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The above disussion shows that L0η1
def
= ∪3ε≤t≤1L0η1(t) is a Lagrangian manifold whih
an be generated by a single funtion S0(•; z, η1) dened on πL0η1 . The phase funtions
S0(t, •; z, η1) obtained through the stationary phase analysis depend very simply on time:
S0(t, x; z, η1) = S
0(x; z, η1)− (1/2 + η1) t .
The symbol b0
~
is given by a trunated expansion b0
~
=
∑N−1
k=0 ~
k b0k. The prinipal symbol
reads
b00(t, x; z, η1) = a¯
ǫ0
0 (t, x; yc, θc) a0(z; y˜c, θ˜c) ,
while higher order terms b0k are given by linear ombination of derivatives of a¯
ǫ0
~
(t, x; •) a~(z; •)
at the ritial point • = •c. Sine a¯ǫ0~ (0, •; yc, θc) is supported inside Ωǫ0, the transport
equation (3.10) shows that b0
~
(t, •; z, η1) is supported inside πL0η1(t).
If we take in partiular t = 1, the state
(3.15) v0(1; z) = (2π~)−
d+1
2
∫
v0(1; z, η1)χ(η1) dη1
provides an approximate expression for UPǫ0δ(z), up to a remainder OL2(| suppχ| ~N−
d+1
2 ).
3.4. Iteration of the WKB Ansätze. In this setion we will obtain an approximate
Ansatz for Pǫn . . . UPǫ1UPǫ0δ(z). Above we have already performed the rst step, obtaining
an approximation v0(1; z) of UPǫ0δ(z), whih was deomposed into xed-energy WKB
states v0(1; z, η1). The next steps will be performed by evolving eah omponent v
0(1; z, η1)
individually, and integrating over η1 only at the end. Until Lemma 3.3 we will x the
variables (z, η1), and omit them in our notations when no onfusion may arise.
Applying the multipliation operator Pǫ1 to the state v
0(1) = v0(1; z, η1), we obtain
another WKB state whih we denote as follows:
v1(0, x) = b1
~
(0, x) e
i
~
S1(0,x) , with
{
S1(0, x) = S0(1, x; z, η1) ,
b1
~
(0, x) = Pǫ1(x) b
0
~
(1, x; z, η1) .
This state is assoiated with the manifold
L1(0) = L0η1(1) ∩ T ∗Ωǫ1 .
If this intersetion is empty, then v1(0) = 0, whih means that Pǫ1U v(0; z, η1) = O(~N).
In the opposite ase, we an evolve v1(0) following the proedure desribed in 3.3.1. For
t ∈ [0, 1], and up to an error OL2(~N), the evolved state U tv1(0) is given by the WKB
Ansatz
v1(t, x) = b1
~
(t, x) e
i
~
S1(t,x) , b1
~
(t) =
N−1∑
k=0
b1k(t) .
The state v1(t) is assoiated with the Lagrangian L1(t) = gtL1(0), and the funtion b1
~
(t)
is supported inside πL1(t). The Lagrangian L1 def= ∪0≤t≤1L1(t) is generated by the funtion
S1(0, x), and for any t ∈ [0, 1] we have S1(t, x) = S1(0, x)− (1/2 + η1) t.
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3.4.1. Evolved Lagrangians. We an iterate this proedure, obtaining a sequene of ap-
proximations
(3.16) vj(t) = U t Pǫjv
j−1(1) +O(~N) , where vj(t, x) = bj
~
(t, x) e
i
~
Sj(t,x) .
To show that this proedure is onsistent, we must hek that the Lagrangian manifold
Lj(t) supporting vj(t) does not develop austis through the evolution (t ∈ [0, 1]), and that
it an be generated by a single funtion Sj(t). We now show that these properties hold,
due to the assumptions on the lassial ow.
The manifolds Lj(t) are obtained by the following proedure. Knowing Lj−1(1), whih
is generated by the phase funtion Sj−1(1), we take for Lj(0) the intersetion
Lj(0) = Lj−1(1) ∩ T ∗Ωǫj .
If this set is empty, we then stop the onstrution. Otherwise, this Lagrangian is evolved
into Lj(t) = gtLj(0) for t ∈ [0, 1]. Notie that the Lagrangian Lj(t) orresponds to the
evolution at time j+t of a piee of L0(0); the latter is ontained in the union ∪|τ |≤1gτS∗z,η1M ,
where S∗z,η1M is the sphere of energy 1/2 + η1 above z. If the geodesi ow is Anosov, the
geodesi ow has no onjugate points [17℄. This implies that gtL0(0) will not develop
austis: in other words, the phase funtions Sj(t) will never beome singular.
On the other hand, when j →∞ the Lagrangian gj+tL0(0) will spread out over M , and
over all points x ∈ M many times, so that many phase funtions are needed to desribe
the dierent sheets (see 3.5.3). However, the small piee Lj(t) ⊂ gj+tL0(0) is generated
by only one of them. Indeed, beause the injetivity radius is ≥ 2, any point x ∈ Ωǫj an
be onneted to another point x′ ∈ M by at most one geodesi of length √1 + 2η1 ≤ 1+ ε.
This ensures that, for any j ≥ 1, the manifold Lj = ∪t∈[0,1]Lj(t) is generated by a single
funtion Sj(0) dened on πLj, or equivalently by Sj(t) = Sj(0) − (1/2 + η1) t (this Sj is
a stationary solution of the HamiltonJaobi equation, and we will often omit to show its
time dependene in the notations).
Finally, sine the ow on E(1/2 + η1) is Anosov, the sphere bundle
{
S∗z,η1M, z ∈M
}
is uniformly transverse to the strong stable foliation [17℄. As a result, under the ow
a piee of sphere beomes exponentially lose to an unstable leaf when t → +∞. The
Lagrangians Lj thus beome exponentially lose to the weak unstable foliation as j →
∞. This transversality argument is ruial in our hoie to deompose the state Ψ into
omponents δj(z).
3.4.2. Exponential deay of the symbols. We now analyze the behaviour of the symbols
bj
~
(t, x) appearing in (3.16), when j → ∞. These symbols are onstruted iteratively:
starting from the funtion bj−1
~
(1) =
∑N−1
k=0 b
j−1
k (1) supported inside πLj−1(1), we dene
(3.17) bj
~
(0, x) = Pǫj (x) b
j−1
~
(1, x) , x ∈ πLj(0) .
The WKB proedure of 3.3.1 shows that for any t ∈ [0, 1],
(3.18) U t vj(0) = vj(t) +RjN(t) ,
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where the transported symbol bj−1
~
(t) =
∑N−1
k=0 ~
k bj−1k (t) is supported inside πLj(t). The
remainder satises
(3.19) ‖RjN(t)‖L2 ≤ C t ~N
(N−1∑
k=0
‖bjk(0)‖C2(N−k)
)
.
To ontrol this remainder when j → ∞, we need to bound from above the derivatives of
bj
~
. Lemma 3.3 below shows that all terms bjk(t) and their derivatives deay exponentially
when j →∞, due to the Jaobian appearing in (3.7).
To understand the reasons of the deay, we rst onsider the prinipal symbols bj0(1, x).
They satisfy the following reurrene:
(3.20) bj0(1, x) = T
1
Sj(Pǫj × bj−10 (1))(x) = Pǫj(g−1Sj (x)) bj−10 (1, g−1Sj (x))
√
J−1
Sj
(x) .
Iterating this expression, and using the fat that 0 ≤ Pǫj ≤ 1, we get at time n and for
any x ∈ πLn(0):
(3.21) |bn0 (0, x)| ≤ |b00(1, g−n+1Sn (x))| ×
(
J−1Sn−1(x) J
−1
Sn−2(g
−1
Sn (x)) · · · J−1S1 (g−n+2Sn (x))
)1/2
.
Sine the Lagrangians Lj onverge exponentially fast to the weak unstable foliation, the
assoiated Jaobians satisfy for some C > 0:
∀j ≥ 2, ∀ρ = (x, ξ) ∈ Lj(0),
∣∣∣∣∣ J−1Sj (x)J−1Su(ρ)(x) − 1
∣∣∣∣∣ ≤ C e−j/C .
Here Su(ρ) generates the loal weak unstable manifold at the point ρ (whih is a Lagrangian
submanifold of E(1/2 + η1)). The produt of Jaobians in (3.21) therefore satises, uni-
formly with respet to n and ρ ∈ Ln(0):
n−1∏
j=1
J−1Sn−j(g
−j+1
Sn (x)) = e
O(1)
n−1∏
j=1
J−1Su(g−j+1ρ)(g
−j+1
Sn (x)) = e
O(1) J1−nSu(ρ)(x) , n→∞ .
The Jaobian J−1Su(ρ) measures the ontration of g
−1
along Eu(ρ): so does the Jaobian
Ju(ρ) dened in 2.2.5, but with respet to dierent oordinates. When iterating the
ontration n times, the ratio of these Jaobians remains bounded:
J1−nSu(ρ)(x) = e
O(1)
n−1∏
j=1
Ju(g−j+1ρ) , n→∞ .
We nally express the upper bound in terms of the oarse-grained Jaobians (2.13,2.14).
Sine ρ ∈ Ln(0) ⊂ T ∗Ωǫn and g−jρ ∈ T ∗Ωǫn−j for all j = 1, . . . , n − 1, we obtain the
following estimate on the prinipal symbol bn0 (0):
(3.22) ∀n ≥ 1 ‖bn0 (0)‖L∞ ≤ C ‖b00(1; z, η1)‖L∞ Jun−1(ǫ1 · · · ǫn)1/2 .
The onstant C only depends on the Riemannian manifold M . Finally, by onstrution
the symbol b00(1; z, η1) is bounded uniformly with respet to the variables (z, η1) (assuming
|η1| < ε).
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The following lemma shows that the above bound extends to the full symbol bn
~
(0, x)
and its derivatives (whih are supported on πLn(0)).
Lemma 3.3. Take any index 0 ≤ k ≤ N and m ≤ 2(N − k). Then there exists a onstant
C(k,m) suh that
∀n ≥ 1, ∀x ∈ πLn(0), |dmbnk(0, x)| ≤ C(k,m)nm+3k Jun(ǫ0 · · · ǫn)1/2 .
This bound is uniform with respet to the parameters (z, η1). For (k,m) 6= (0, 0), the
onstant C(k,m) depends on the partition P(0), while C(0, 0) does not.
Before giving the proof of this lemma, we draw somes onsequenes. Taking into aount
the fat that the remainders RjN (1) are dominated by the derivatives of the b
j
k (see (3.19)),
the above statement translates into
∀j ≥ 1, ‖RjN (1)‖L2 ≤ C(N) j3N Juj (ǫ0 · · · ǫj)1/2 ~N .
A ruial fat for us is that the above bound also holds for the propagated remainder
PǫnU · · ·UPǫj+1RjN(1), due to the fat that the operators PǫjU are ontrating. As a result,
the total error at time n is bounded from above by the sum of the errors ‖RjN (1)‖L2. We
obtain the following estimate for any n > 0:
(3.23) ‖PǫnUPǫn−1 · · ·Pǫ1U v(0; z, η1)− vn(0; z, η1)‖L2 ≤ C(N) ~N
n∑
j=0
j3N Juj (ǫ0 · · · ǫj)1/2 .
From the fat that the Jaobians Juj deay exponentially with j, the last term is bounded
by C(N)~N . This bound is uniform with respet to the data (z, η1).
By the superposition priniple, we obtain the following
Corollary 3.4. For small enough ~ > 0, any point z ∈ πVj, and any sequene ǫ of
arbitrary length n ≥ 0, we have
Pǫ δj(z) = (2π~)
− d+1
2
∫
vn(0; z, η1)χ(η1) dη1 +OL2(| suppχ| ~N− d+12 ) .
Here we may take χ = χ(n
′)
with an arbitrary 0 ≤ n′ ≤ Cδ| log ~| (see (2.5) and the
following disussion).
Proof of Lemma 3.3. The transport equation (3.9,3.10) linking bj to bj−1,
bjk(t) = T
t
Sj b
j
k(0) + (1− δk,0)
∫ t
0
T t−s
Sj
( i△ bjk−1(s)
2
)
ds , k = 0, . . . , N − 1 ,
bjk(0) = Pǫj × bj−1k (1) ,
(3.24)
an be m times dierentiated. We an write the reurrene equations for the m-dierential
forms dmbjk(t) as follows:
(3.25)
dmbjk(t, x) =
∑
ℓ≤m
T tSjd
ℓbj−1k (1, x).θ
j
mℓ(t, x) +
∑
ℓ≤m
∫ t
0
T t−sSj d
ℓ+2bjk−1(s, x).α
j
mℓ(t, s, x) ds .
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Above we have extended the transport operator T tS dened in (3.7) to multi-dierential
forms on M . Namely,
(T tSj d
ℓb)(x)
def
=
√
J−t
Sj
(x) dℓb(g−t
Sj
(x))
is an ℓ-form on (Tg−tS (x)
M)ℓ. The linear form θjmℓ(t, x) sends (TxM)
m
to (Tg−t
Sj
(x)M)
ℓ
(resp.
αjmℓ(t, s, x) sends (TxM)
m
to (Tgs−t
Sj
(x)M)
ℓ+2
). These forms an be expressed in terms of
derivatives of the maps g−tSj , g
s−t
Sj at the point x, and θ
j
mℓ also depends on m− ℓ derivatives
of the funtion Pǫj . These forms are uniformly bounded with respet to j, x and t ∈ [0, 1].
We only need to know the expliit expression for θjmm:
(3.26) θjmm(t, x) = Pǫj
(
g−tSj (x)
)× (dg−tSj (x))⊗m .
Sine the above expressions involve several sets of parameters, to failitate the bookkeeping
we arrange the funtions bjk(t, x) and the m-dierential forms d
mbjk(t, x), m ≤ 2(N − k),
inside a vetor b
j
. We will denote the entries by b
j
(k,m) = d
mbjk, and with 0 ≤ k ≤ N − 1,
m ≤ 2(N − k):
b
j = bj(t, x)
def
=
(
bj0, db
j
0, . . . . . . , d
2Nbj0,
bj1, db
j
1, . . . , d
2(N−1)bj1,
. . . ,
bjN−1, db
j
N−1, d
2bjN−1
)
.
(3.27)
The set of reurrene equations (3.25) may then be ast in a ompat form, using three
operator-valued matries M
j
∗ (here the subsript j is not a power, but refers to the La-
grangian Lj on whih the transformation is based):
(3.28) (I−Mj1)bj = (Mj0,0 +Mj0,1)bj−1 .
The rst matrix at as follows on the indies (k,m):(
M
j
1 b
j
)
(k,m)
(t) =
∑
ℓ≤m
∫ t
0
ds T t−s
Sj
b
j
(k−1,ℓ+2)(s) . α
j
mℓ(t, s) .
Sine M
j
1 relates bk to bk−1, it is obviously a nilpotent matrix of order N . The matrix
M
j
0,1: (
M
j
0,1b
j−1
)
(k,m)
(t) =
∑
ℓ<m
T tSj b
j−1
(k,ℓ)(1) . θ
j
mℓ(t) ,
whih relates m-derivatives to ℓ-derivatives, ℓ < m, is also nilpotent. Finally, the last
matrix M
j
0,0 ats diagonally on the indies (k,m):
(3.29)
(
M
j
0,0b
j−1
)
(k,m)
(t) = T tSj b
j−1
(k,m)(1) . θ
j
mm(t) .
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From the nilpotene of M
j
1, we an invert (3.28) into
b
j =
( N−1∑
kj=0
[Mj1]
k
j
)(
M
j
0,0 +M
j
0,1
)
b
j−1 ,
where [M]k denotes the k-th power of the matrixM. The above expression an be iterated:
(3.30) b
n =
N−1∑
k1,...,kn=0
1∑
α1,...,αn=0
[Mn1 ]
kn M
n
0,αn [M
n−1
1 ]
kn−1 M
n−1
0,αn−1
. . . [M11]
k1 M
1
0,α1
b
0 .
Notie that the rst step M
1
0,α1
b
0
only uses the vetor b
0
at time t = 1, where it is
well-dened.
From the nilpotene of M
j
1 and M
j
0,1, the terms ontributing to b
n
(k,m) must satisfy∑
kj ≤ k and
∑
αj ≤ m+ 2(
∑
kj). In partiular,
∑
kj ≤ N ,
∑
αj ≤ 2N , so for n large,
all terms in (3.30) are made of few (long) strings of suessive matries M
j
0,0, separated by
a few matries M
j
0,1 or M
j
1 (the total number of matries M
j
0,1 or M
j
1 in eah term is at
most 3N). As a result, the total number of terms on the right hand side grows at most
like O(nm+3k) when n→∞.
Using the fat that θjmℓ and α
j
mℓ are uniformly bounded, the ations of the nilpotent
matries M
j
1, M
j
0,1 indue the following bounds on the sup-norm of b
j
k,m(t):
sup
0≤t≤1
‖Mj1bj(k,m)(t)‖L∞ ≤ C maxm′≤m+2 sup0≤t≤1 ‖b
j
(k−1,m′)(t)‖L∞ ,
sup
0≤t≤1
‖(Mj0,1bj−1)(k,m)(t)‖L∞ ≤ C(m) max
m′≤m−1
‖bj−1(k,m′)(1)‖L∞ .
(3.31)
The onstant C(m) depends on the partition P(0): for a partition of diameter ε, it is of
order ε−m.
On the other hand, for any pair (k,m), the diagonal ation (3.29) on bj(k,m) is very
similar with its ation on b
j
(0,0), whih is the reurrene relation (3.20). The only dierene
omes from the appearane of the m-forms θjmm instead of the funtions θ
j
00. From the
expliit expression (3.26) and the fat that 0 ≤ Pǫj ≤ 1, one easily gets
|(Mj0,0bj−1)(k,m)(t, x)| ≤
√
J−tSj (x) |dg−tSj (x)|m |bj−1(k,m)(1, g−tSj (x))| .
By ontrast with (3.31), in the above bound there is no potentially large onstant prefator
in front of the right hand side. This allows us to iterate this inequality, and obtain a bound
similar with (3.21). Indeed, using the omposition of the maps g−1Sj and their derivatives,
we get for any j, j′ ∈ N and t ∈ [0, 1]:
(3.32) |(Mj+j′0,0 · · ·Mj0,0bj−1)(k,m)(t, x)| ≤
√
J−t−j
′
Sj′+j
(x) |dg−t−j′
Sj+j′
(x)|m |bj−1(k,m)(1, g−t−j
′
Sj′+j
(x))| .
As we explained above, the ow gt ating on Lj is asymptotially expanding exept in
the ow diretion, beause gtLj onverges to the weak unstable manifold. As a result, the
inverse ow g−j
′
ating on Lj+j′ ⊂ gj′Lj, and its projetion g−j′
Sj+j′
, have a tangent map
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dg−j
′
Sj+j′
uniformly bounded with respet to j, j′. In eah string of operators M∗0,0, the
fator dg−j
′
S an be replaed by a uniform onstant. For eah term in (3.30), we an then
iteratively ombine the bounds (3.31,3.32), to get
|(MnMn−1 · · ·M1b0)(k,m)(t, x)| ≤ C
√
J−t−n+1Sn (x) ‖b0(1)‖
Summing over those terms, we obtain
(3.33) |bn(k,m)(t, x)| ≤ C˜(k,m)nm+3k
√
J−t−n+1Sn (x) ‖b0(1)‖ .
The Jaobian on the right hand side is the same as in the bound (3.21). We an thus follow
the same reasoning and replae J−t−n+1Sn by J
u
n(ǫ) to obtain the lemma. 
This ends the proof of Lemma 3.3 and Corollary 3.4. We proeed with the proof of our
main Lemma 3.2, and now desribe the states U−n/2Pǫ′ δ
(4n)
j′ (z
′) and Un/2 Pǫ δ
(n)
j (z).
3.5. Evolution under U−n/2 and Un/2. Applying Corollary 3.4 with n′ = 4n, resp.
n′ = n, we have approximate expressions for the states appearing in Lemma 3.2:
Pǫ δ
(n)
j (z) = (2π~)
− d+1
2
∫
vn(0; z, η1, ǫ)χ
(n)(η1) dη1 +OL2(enδ ~N− d−12 ) ,(3.34)
Pǫ′ δ
(4n)
j′ (z
′) = (2π~)−
d+1
2
∫
vn(0; z′, η′1, ǫ
′)χ(4n)(η′1) dη
′
1 +OL2(e4nδ ~N−
d−1
2 ) ,(3.35)
we notie that for n ≤ nE(~) the remainders are of the form O(~N−N1) for some xed N1.
To prove the bound of Lemma 3.2, we assume n is an even integer, and onsider the
individual overlaps
(3.36)
〈
U−n/2vn(0; z′, η′1, ǫ
′), Un/2 vn(0; z, η1, ǫ)
〉
,
Until the end of the setion, we will x z, η1, z
′, η′1 and omit them in the notations. On the
other hand, we will sometimes make expliit the dependene on the sequenes ǫ′, ǫ. We
then need to understand the states U−n/2 vn(0; ǫ′) and Un/2 vn(0; ǫ).
3.5.1. Evolution under U−n/2. We use WKB approximations to desribe the bakwards-
evolved state U−tvn(0; ǫ′). Before entering into the details, let us sketh the bakwards
evolution of the Lagrangian Ln = Ln(0; ǫ′) supporting vn(0) = vn(0; ǫ′) (for a moment we
omit to indiate the dependene in ǫ′). Sine Ln had been obtained by evolving L0 and
trunating it at eah step, for any 0 ≤ t ≤ n − 1, the Lagrangian Ln(−t) def= g−tLn will
be ontained in Ln−⌊t⌋−1(1 − {t}), where we deomposed the time t into its integral and
frational part. This Lagrangian projets well onto the base manifold, and is generated by
the funtion Sn(−t) = Sn−⌊t⌋−1(1− {t}) (whih satises the Hamilton-Jaobi equation for
negative times). This shows that the WKB method of 3.3.1, applied to the bakwards
ow U−t ating on vn(0), an be formally used for all times 0 ≤ t ≤ n − 1. The evolved
state an be written as
(3.37) U−t vn(0) = vn(−t) + RˆN(−t) ,
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and vn(−t) has the WKB form
(3.38) vn(−t) = bn
~
(−t) eiSn(−t)/~ , bn
~
(−t) =
N−1∑
k=0
~
k bnk(−t) .
The symbols bnk(−t) are obtained from bnk(0) using the bakwards transport equations (see
Eqs. (3.9, 3.10)):
bn0 (−t) = T−tSn(0) bn0 (0) =
(
J tSn(−t)
)1/2
bn(0) ◦ gtSn(−t) ,(3.39)
bnk(−t) = T−tSn(0) bnk(0)−
∫ t
0
T−t+sSn(−t)
(i△ bnk−1
2
(−s)
)
ds .(3.40)
These symbols are supported on πLn(−t). We need to estimate their Cm norms uniformly
in t. The inverse of the Jaobian J tSn(−t) approximately measures the volume of the La-
grangian Ln(−t). Sine the latter remains lose to the weak unstable manifold as long as
n − t >> 1, the bakwards ow has the eet to shrink it along the unstable diretions.
Thus, for n − 1 ≥ t >> 1, Ln(−t) onsist in a thin, elongated subset of Ln−⌊t⌋−1 (see
gure 3.2), with a volume of order
(3.41) Vol(Ln(−t)) ≤ C ( inf
x
J tSn(−t)(x)
)−1 ≤ C Ju⌊t⌋(ǫ′n−⌊t⌋ · · · ǫ′n) , 0 ≤ t ≤ n− 1 .
When dierentiating bn0 (−t), the derivatives of the ow gtSn(−t) also appear. Sine Ln(−t)
is lose to the weak unstable manifold, the derivatives beome large as t >> 1:
|∂αx gtSn(−t)(x)| ≤ C(α) etλ+ , where λ+ def= λmax(1+δ′/2) , 0 ≤ t ≤ n−1, x ∈ πLn(−t) .
Hene, for any t ≤ n− 1 and index 0 ≤ m ≤ 2N the m-derivatives of the prinipal symbol
an be bounded as follows:
∀t ≤ n− 1, |dmbn0 (−t, x)| ≤ C
(
J tSn(−t)(x)
)1/2 |dgtSn(−t)(x)|m ‖bn0 (0)‖Cm
≤ C Ju⌊t⌋(ǫ′n−⌊t⌋ · · · ǫ′n)−1/2 etmλ+ ‖bn0 (0)‖Cm
≤ C Jun−⌊t⌋(ǫ′0 · · · ǫ′n−⌊t⌋)1/2 etmλ+ .
(3.42)
In the last line we used the estimates of Lemma 3.3 for ‖bn(0)‖Cm. From now on we
will abbreviate Jun−⌊t⌋(ǫ
′
0 · · · ǫ′n−⌊t⌋) by Jun−⌊t⌋(ǫ′). By iteration, we similarly estimate the
derivatives of the higher-order symbols (k < N, m ≤ 2(N − k)):
(3.43) ∀t ≤ n− 1, |dmbnk(−t, x)| ≤ C Jun−⌊t⌋(ǫ′)1/2 et(m+2k)λ+ .
We see that the higher-order symbols may grow faster (with t) than the prinipal one. As a
result, when t beomes too large, the expansion (3.38) does not make sense any more, sine
the remainder in (3.37) beomes larger than the main term. From (3.11), this remainder
is bounded by
‖RˆN(−t)‖ ≤ ~
N
2
∫ t
0
‖△bnN−1(−s)‖ ds ≤ C ~N et 2N λ+ Jun−⌊t⌋(ǫ′)1/2 .
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This remainder remains smaller than the previous terms if t ≤ nE(~)/2. Sine we assume
n ≤ nE(~), the WKB expansion still makes sense if we take t = n/2. To ease the nota-
tions in the following setions, we all wn/2
def
= vn(−n/2) the WKB state approximating
U−n/2vn(0), its phase funtion Sn/2 = Sn(−n/2) and its symbol cn/2
~
(x)
def
= bn
~
(−n/2, x), all
these data depending on ǫ′. The above disussion shows that
(3.44) ‖U−n/2 vn(0; ǫ′)− wn/2(ǫ′)‖ = ‖RˆN(−n/2)‖ ≤ C ~Nδ′/2 Jun/2(ǫ′)1/2 .
We will selet an integer N large enough (Nδ′ >> 1), so that the above remainder is
smaller than the estimate Jun(ǫ
′)1/2 we have on ‖vn(ǫ′)‖.
3.5.2. Evolution under Un/2. We now study the forward evolution Un/2 vn(0; ǫ). From now
on we omit to indiate the dependene in the parameter t = 0. Using the smooth partition
(2.3), we deompose Un/2 as:
Un/2 =
∑
αi,1≤i≤n/2
P 2αn/2 U P
2
αn/2−1
U · · ·P 2α1 U
def
=
∑
α
Qα .
The operators (Qα) are very similar with the (Pα) of Eq. (2.4): the utos Pk are replaed
by their squares P 2k . As a result, the iterative WKB method presented in the previous
setions an be adapted to obtain approximate expressions for eah stateQα v
n(ǫ), similarly
as in (3.23):
Qα v
n(ǫ) = v
3
2
n(ǫα) +OL2(
√
Jun(ǫ) ~
N) , v
3
2
n(x; ǫα) = b
3
2
n
~
(x; ǫα) e
i
~
S
3
2n(x;ǫα) .
Here ǫα is the sequene of length 3n/2 with elements ǫ0 · · · ǫnα1 · · ·αn/2. That state is
loalized on the Lagrangian manifold L 32n(ǫα). The symbols b
3
2
n
k (ǫα) and their derivatives
satisfy the bounds of Lemma 3.3. The state Un/2vn(ǫ) is therefore given by a sum of
ontributions
(3.45) Un/2vn(ǫ) =
∑
α
v
3
2
n(ǫα) +OL2
(
~
N−NK
)
.
Here NK is a onstant depending on the ardinal K of the partition P(0), and we assumed
n ≤ nE(~). The integer N will be taken large enough, suh that ~N−NK is smaller than
the remainder appearing in (3.44).
3.5.3. Grouping terms into onneted Lagrangian leaves. To ompute the overlap (3.36),
we do not need the full sum (3.45), but only the omponents α suh that the support of
v
3
2
n(ǫα) intersets the support of wn/2(ǫ′), whih is inside Ωǫ′
n/2
. Thus, we an restrit
ourselves to the set of sequenes
A
def
=
{
α : πL 32n(ǫα) ∩ Ωǫ′
n/2
6= ∅
}
⊂ {1, . . . , K}n/2 .
For n >> 1, the Lagrangian
⋃
α∈A L
3
2
n(ǫα), whih is a strit subset of gn/2Ln(ǫ), is the
disjoint union of a large number of onneted leaves, whih we denote by L 32n(ǫ, ℓ), ℓ ∈ [1, L]
(see Figure 3.2). Eah leaf L 32n(ǫ, ℓ) orresponds to geodesis of length n/2 from Ωǫn to
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L(   )ε; l3n/2
εαL (   )3n/2
εγL (   )
3n/2
Ω ε’n/2
3n/2
L (   )εβ
g  L( ’)−n/2 nε
ε;
3n/2
l0L(    )
Figure 3.2. Deomposition of
(
gn/2Ln(ǫ))∩T ∗Ωǫ′
n/2
into onneted leaves
(here we show two of them, in light pink). The leaf ℓ ontains the omponents
L 32n(ǫα), L 32n(ǫβ) while the leaf ℓ0 ontains L 32n(ǫγ). We also show the
elongated leaf g−n/2Ln(ǫ′) supporting the state wn/2(ǫ′) (dark blue). This
state might interfere with v
3
2
n(ǫ, ℓ0), but not with v
3
2
n(ǫ, ℓ) or any other leaf
above Ωǫ′
n/2
.
Ωǫ′
n/2
in a denite homotopy lass. As a onsequene, if ρ, ρ′ belong to two dierent leaves
ℓ 6= ℓ′, there must be a time 0 < t < n
2
suh that the bakwards images g−tρ, g−tρ′ are at
a distane larger than D > 0 (D is related to the injetivity radius). The total number of
leaves above Ωǫ′
n/2
an grow at most like the full volume of gn/2L(ǫ), so that
L ≤ C en(d−1)λ+/2 ≤ C ~−(d−1)/2 .
Eah leaf L 32n(ǫ, ℓ) is the union of a ertain number of omponents L 32n(ǫα), and we group
the orresponding sequenes α into the subset Aℓ ⊂ {1, . . . , K}n/2:
L 32n(ǫ, ℓ) =
⋃
α∈Aℓ
L 32n(ǫα) .
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We obviously have A =
⊔
ℓAℓ. All omponents L
3
2
n(ǫα) with α ∈ Aℓ are generated by the
same phase funtion S
3
2
n(ǫα)
def
= S
3
2
n(ǫ, ℓ), so that the state
(3.46) v
3
2
n(x; ǫ, ℓ)
def
=
∑
α∈Aℓ
v
3
2
n(x; ǫα) = b
3
2
n
~
(x; ǫ, ℓ) e
i
~
S
3
2n(x;ǫ,ℓ)
is a Lagrangian state supported on L 32n(ǫ, ℓ), with symbol
b
3
2
n
~
(x; ǫ, ℓ) =
∑
α∈Aℓ
b
3
2
n
~
(x; ǫα) .
By inspetion one an hek that, at eah point ρ ∈ L 32n(ǫ, ℓ), the above sum over α ∈ Aℓ
has the eet to insert partitions of unity
∑
k P
2
k = 1 at eah preimage g
−j(ρ), j =
0, . . . , n
2
− 1. As a result, the prinipal symbol will satisfy the same type of upper bound
as in (3.21):
|b
3
2
n
0 (x; ǫ, ℓ)| ≤ |bn(g−n/2S (x))| J
− 1
2
n
S (x)
1/2 ≤ C J−
3
2
n
S (x)
1/2 , with S = S
3
2
n(ǫ, ℓ) .
The same argument holds for the higher-order terms and their derivatives. Besides, beause
the ation of g−3n/2 on L 32n(ǫ, ℓ) is ontrating, for any x ∈ Ωǫ′
n/2
the Jaobian J
− 3
2
n
S (x) is
of the order of Ju3
2
n
(ǫα), where α an be any sequene in Aℓ (all these Jaobians are of the
same order). Dening
Ju3
2
n
(ǫ, ℓ) = max
α∈Aℓ
Ju3
2
n
(ǫα) ≥ 1
C
min
α∈Aℓ
Ju3
2
n
(ǫα) ,
the full symbol b
3
2
n
~
(x; ǫ, ℓ) satises similar bounds as in Lemma 3.3:
(3.47) |dmb
3
2
n
k (x; ǫ, ℓ)| ≤ C nm+3k Ju3
2
n
(ǫ, ℓ)1/2 , k ≤ N − 1, m ≤ 2(N − k) .
3.6. Overlaps between the Lagrangian states. Putting together (3.44, 3.46, 3.45),
the overlap (3.36) is approximated by the following sum:
〈
U−n/2vn(ǫ′), Un/2 vn(ǫ)
〉
=
L∑
ℓ=1
〈wn/2(ǫ′), v 32n(ǫ, ℓ)〉+O(~Nδ′/2) , where(3.48)
〈wn/2(ǫ′), v 32n(ǫ, ℓ)〉 =
∫
e
i
~
(
S
3
2n(x;ǫ,ℓ)−Sn/2(x;ǫ′)
)
c¯
n/2
~
(x; ǫ′) b
3
2
n
~
(x; ǫ, ℓ) .(3.49)
Eah term is the overlap between the WKB state wn/2(ǫ′) supported on g−n/2Ln(ǫ′), and
the WKB state v
3
2
n(ǫ, ℓ) supported on L 32n(ǫ, ℓ), both Lagrangians sitting above Ωǫ′
n/2
(see
Figure 3.2). The sup-norms of these two states, governed by the prinipal symbols c
n/2
0 (ǫ
′),
b
3
2
n
0 (ǫ, ℓ), are bounded by
(3.50) ‖wn/2(ǫ′)‖L∞ ≤ C Jun/2(ǫ′)1/2, ‖v
3
2
n(ǫ, ℓ)‖L∞ ≤ C Ju3
2
n
(ǫ, ℓ)1/2 .
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Here C > 0 is independent of all parameters, inluding the diameter ε of the partition.
The integral (3.48) takes plae on the support of c
n/2
~
(x; ǫ′), that is (see (3.41)), on a set
of volume O(Jun/2(ǫ′n/2 · · · ǫ′n)). It follows that eah overlap (3.49) is bounded by
(3.51) |〈wn/2(ǫ′), v 32n(ǫ, ℓ)〉| ≤ C Jun/2(ǫ′)1/2 Ju3
2
n
(ǫ, ℓ)1/2 Jun/2(ǫ
′
n/2 · · · ǫ′n) .
We show below that the above estimate an be improved for almost all leaves ℓ, when one
takes into aount the phases in the integrals (3.49). Atually, for times n ≤ nE(~), there is
at most a single term ℓ0 in the sum (3.48) for whih the above bound is sharp; for all other
terms ℓ, the phase osillates fast enough to make the integral negligible. Geometrially,
this phase osillation means that the Lagrangians L 32n(ǫ, ℓ), g−n/2Ln(ǫ′) ⊂ Ln/2(ǫ′) are far
enough from eah other (see Fig. 3.2). The distane between two Lagrangians above
Ωǫ′
n/2
is atually measured by the height
H
(L 32n(ǫ, ℓ),Ln/2(ǫ′)) def= inf
x∈Ωǫ′
n/2
|dS 32n(x; ǫ, ℓ)− dSn/2(x; ǫ′)| .
The overlap between distant leaves an be estimated through a nonstationary phase
argument:
Lemma 3.5. Assume that, for some δ′′ < δ′/2, for some ~ > 0 and some time n ≤ nE(~),
the height
H
(L 32n(ǫ, ℓ),Ln/2(ǫ′)) ≥ ~ 1−δ′′2 .
Then, provided ~ is small enough, the overlap
(3.52) |〈wn/2(ǫ′), v 32n(ǫ, ℓ)〉| ≤ C ~Nδ′′
√
Jun/2(ǫ
′)Ju3
2
n
(ǫ, ℓ) .
The onstant C > 0 is uniform with respet to ǫ′, ǫ and the impliit parameters z, z′, η1, η
′
1.
Proof. Let us all s(x) = S
3
2
n(x; ǫ, ℓ) − Sn/2(x; ǫ′) the phase funtion appearing in the
integral (3.49). Notie that the assumption on the height means that |ds(x)| ≥ ~ 1−δ′′2 for
all x. We then expand the produt c¯
n/2
~
b
3
2
n
~
and keep only the rst N terms:
c¯
n/2
~
(x; ǫ′) b
3
2
n
~
(x; ǫ, ℓ) = a~(x) +RemN (x) , a~(x) =
N−1∑
k=0
~
k ak(x) .
From the estimates (3.43,3.47), we ontrol the sup-norm of the remainder:
‖RemN‖L∞ ≤ C ~Nδ′/2
√
Jun/2(ǫ
′)Ju3
2
n
(ǫ, ℓ) .
Through the Leibniz rule we ontrol the derivatives of ak:
‖ak‖Cm ≤ C nm+3k
√
Jun/2(ǫ
′)Ju3
2
n
(ǫ, ℓ) e
n
2
(m+2k)λ+ , k ≤ N − 1, m ≤ 2(N − k) .
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For eah k < N and m ≤ 2(N − k), we have at our disposal the following nonstationary
phase estimate [13, Setion 7.7℄:∣∣∣ ∫ ak(x) exp( i
~
s(x)
)
dx
∣∣∣ ≤ C ~m ∑
m′≤m
sup
x
( |dm′ak(x)|
|ds(x)|2m−m′
)
≤ C ~mδ′′−k(1−δ′/2)
√
Jun/2(ǫ
′)Ju3
2
n
(ǫ, ℓ) .
Here we used the assumption on |ds(x)| and the fat that δ′′ < δ′/2. By taking m = N −k
for eah k and summing the estimate over k, we get:∣∣∣ ∫ a~(x) exp( i
~
s(x)
)
dx
∣∣∣ ≤ C ~Nδ′′√Jun/2(ǫ′)Ju3
2
n
(ǫ, ℓ) .
Sine δ′/2 > δ′′, the remainder RemN yields a smaller ontribution, whih ends the proof.

We now show that there is at most one Lagrangian leaf L 32n(ǫ, ℓo) whih an be very
lose to Ln/2(ǫ′):
Lemma 3.6. Take as above δ′′ < δ′/2, assume the diameter ε is muh smaller than the
injetivity radius, and for ~ small enough take n ≤ (1−δ′)| log ~|
λmax
.
If there is some ℓo ∈ {1, . . . , L} suh that the height H
(L 32n(ǫ, ℓo),Ln/2(ǫ′)) ≤ ~ 1−δ′′2 ,
then for any ℓ 6= ℓo we must have H
(L 32n(ǫ, ℓ),Ln/2(ǫ′)) > ~ 1−δ′′2 .
Proof. Assume ab absurdo the existene of ρo ∈ L 32n(ǫ, ℓo), ρ ∈ L 32n(ǫ, ℓ) and ρ′1, ρ′2 ∈
Ln/2(ǫ′), suh that the Riemannian distanes d(ρo, ρ′1) ≤ ~
1−δ′′
2
and d(ρ, ρ′2) ≤ ~
1−δ′′
2
. When
applying the bakwards ow for times 0 ≤ t ≤ n
2
, these points depart at most like
d(g−tρo, d
−tρ′1) ≤ C etλ+ ~
1−δ′′
2 ≤ C ~δ′/4−δ′′/2 ,
d(g−tρ, d−tρ′2) ≤ C etλ+ ~
1−δ′′
2 ≤ C ~δ′/4−δ′′/2 .
Besides, on this time interval the points g−tρ′1, g
−tρ′2 remain in the small Lagrangian piee
g−tLn/2(ǫ′) of diameter ≤ ε, so that d(g−tρo, g−tρ) ≤ ε. Sine ε has been hosen small, this
ontradits the property that the points g−tρo, g
−tρ must depart at a distane ≥ D (see
the disussion at the beginning of 3.5.3). 
If there exists a leaf ℓo suh that H(L 32n(ǫ, ℓo),Ln/2(ǫ′)) ≤ ~ 1−δ
′′
2
, there is a point ρo ∈
L 32n(ǫ, ℓo) suh that g−jρo stays at small distane from Ln/2−j(ǫ′) for all j = 0, . . . , n/2−1,
and therefore satises πg−jρo ∈ Ωǫ′
n/2−j
. This shows that the set Aℓo ontains the sequene
(ǫ′1 · · · ǫ′n/2) def= ǫ˜′. The overlap orresponding to this leaf is bounded as in (3.51), and after
replaing Ju3
2
n
(ǫ, ℓo) by J
u
3
2
n
(ǫǫ˜′) we obtain
(3.53) |〈wn/2(ǫ′), v 32n(ǫ; ℓo)〉| ≤ C Jun (ǫ′) Jun(ǫ)1/2 .
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Aording to the above two Lemmas, all the remaining leaves are far from Ln/2(ǫ′), and
their ontributions to (3.48) sum up to∑
ℓ 6=ℓo
〈wn/2(ǫ′), v 32n(ǫ; ℓ)〉 = O(~Nδ′′−(d−1)/2) .
We take N large enough (say, Nδ′′ >> 1), suh that this is negligible ompared with (3.53).
We nally get, whether suh an ℓo exists or not:
|〈U−n/2vn(z′, η′1, ǫ′), Un/2vn(z, η1, ǫ)〉| ≤ C Jun(ǫ′) Jun(ǫ)1/2 .
To nish the proof of Lemma 3.2, there remains to integrate over the parameters η1, η
′
1
in (3.34). Sine χ(n) (resp. χ(4n)) is supported on an interval of length ~1−δenδ (resp.
~
1−δe4nδ), the overlap of Lemma 3.2 nally satises the following bound:
|〈U−n/2Pǫ′ δ(4n)j′ (z′), Un/2 Pǫ δ(n)j (z)〉| ≤ C ~−(d+1) e5δn ~2−2δ Jun(ǫ′) Jun(ǫ)1/2 .
This is the estimate of Lemma 3.2, with c = 2+ 5/λmax. Proposition 3.1 and Theorem 2.6
follow. 
4. Subadditivity
The aim of this setion is to prove Proposition 2.8. It is onvenient here to use some
notions of symboli dynamis. Starting from our partition of unity (Pk)k=1,...,K , we intro-
due a symboli spae Σ = {1, . . . , K}N. The shift σ ats on Σ by shifting a sequene
ǫ = ǫ0ǫ1 . . . to the left and deleting the rst symbol. For ǫ = (ǫ0 . . . ǫn), we denote [ǫ] ⊂ Σ
the subset (n-ylinder) formed of sequenes starting with the symbols ǫ0 . . . ǫn (throughout
this setion the integer n will generally dier from nE(~)).
To any normalized eigenfuntion ψ~ we an assoiate a probability measure µ
Σ
~
on Σ by
letting, for any n-ylinder [ǫ],
µΣ
~
([ǫ])
def
= ‖PǫnPǫn−1(1) . . . Pǫ0(n)ψ~‖2 = ‖Pǫn(−n)Pǫn−1(−(n− 1)) . . . Pǫ0 ψ~‖2 .
If we denote ǫ = (ǫnǫn−1 · · · ǫ0), this quantity is equal to ‖P˜ ∗ǫ ψ~‖2 = ‖P ∗ǫ ψ~‖2 (see (2.21)).
To ensure that this denes a probability measure on Σ, one needs to hek the following
ompatibility ondition
(4.1) µΣ
~
([ǫ0 . . . ǫn]) =
K∑
ǫn+1=1
µΣ
~
([ǫ0 . . . ǫnǫn+1])
for all n and all ǫ0 . . . ǫn. This identity is obvious from (2.3).
4.1. Invariane until the Ehrenfest time. By the Egorov theorem, if µ is the weak-∗
limit of the Wigner measures Wψ~ on T
∗M , then for every n and any xed n-ylinder
[ǫ] ⊂ Σ we have µΣ
~
([ǫ])
~→0−−→ µ({ǫ}), where {ǫ} was dened in 2.2.7 as the funtion
P 2ǫn (P
2
ǫn−1
◦ g1) . . . (P 2ǫ0 ◦ gn) on T ∗M . This means that the measures µΣ~ onverge to a
measure µΣ0 dened by µ
Σ
0 ([ǫ])
def
= µ({ǫ}).
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Sine the ψ~ are eigenfuntions, µ is loalized on E and is (gt)-invariant (Prop. 1.1), so
that µΣ0 is σ-invariant. For ~ > 0 the measures µ
Σ
~
are not exatly σ-invariant; yet, we
show below that µΣ
~
is almost invariant under the shift, until the Ehrenfest time.
For small γ, ν > 0 we introdue the time Tν,γ,~
def
= (1−γ)| log ~|
2(1+ν)λmax
.
Proposition 4.1. For any given no ∈ N, for any small enough ~ and any n ∈ N suh that
n+ no ≤ 2 Tν,γ,~, for any ylinder [ǫ] = [ǫ0ǫ1 . . . ǫno ] of length no, one has∑
ǫi,−n≤i≤−1
µΣ
~
([ǫ−n . . . ǫ−1ǫ0ǫ1 . . . ǫno ]) = µ
Σ
~
([ǫ0ǫ1 . . . ǫno ]) +O(~γ/2) .
The implied onstant is uniform with respet to no and n in the allowed interval. In other
words, the measure µΣ
~
is almost σ-invariant:
σn♯ µ
Σ
~
([ǫ])
def
= µΣ
~
(σ−n[ǫ]) = µΣ
~
([ǫ]) +O(~γ/2) .
Proof. For simpliity we prove the result for no = 0; the argument an easily be adapted
to any no > 0.
We use an estimate on the norm of ommutators, proved in Lemma 5.2. If A is an
operator on L2(M), remember that we denote A(t) = U−tAU t. Aording to Lemma 5.2,
for any smooth observables a, b supported inside Eν = E(1/2− ν, 1/2 + ν), one has
(4.2) ‖[Op~(a)(t),Op~(b)(−t)]‖L2(M) = O(~γ) ,
or equivalently
‖[Op~(a)(2t),Op~(b)]‖L2(M) = O(~γ),
for any time |t| ≤ Tν,γ,~. This result will be applied to the observables a = Pǫ0 f , b = Pǫj f ,
where f is ompatly supported in Eν and identially 1 near E . Aording to Remark 2.3,
inserting the uto f after eah Pǫj only modies µ
Σ
~
([ǫ]) by an amount O(~∞). In the
following, we will omit to indiate these insertions and the O(~∞) errors.
To prove Proposition 4.1, we rst write∑
ǫi,−n≤i≤−1
µΣ
~
([ǫ−nǫ−(n−1) . . . ǫ0]) =
∑
ǫi,−n≤i≤−1
‖Pǫ0Pǫ−1(1) . . . Pǫ−n(n)ψ~‖2
=
∑
〈Pǫ−1(1)P 2ǫ0Pǫ−1(1)P˜ ∗[ǫ−2...ǫ−n](2)ψ~, P˜ ∗[ǫ−2...ǫ−n](2)ψ~〉
=
∑
〈P 2ǫ0Pǫ−1(1)2P˜ ∗[ǫ−2...ǫ−n](2)ψ~, P˜ ∗[ǫ−2...ǫ−n](2)ψ~〉
+O(~γ)
[ ∑
ǫi,−n≤i≤−2
‖P˜ ∗[ǫ−2...ǫ−n](2)ψ~‖2
]
=
∑
ǫi,−n≤i≤−2
〈P 2ǫ0P˜ ∗[ǫ−2...ǫ−n](2)ψ~, P˜ ∗[ǫ−2...ǫ−n](2)ψ~〉+O(~γ) .
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We have used the identities
∑
ǫ−1
Pǫ−1(1)
2 = I and
∑
ǫ−n,...,ǫ−2
‖P˜ ∗[ǫ−2...ǫ−n] ψ~‖2 = 1. We
repeat the proedure:∑
ǫi,−n≤i≤−2
〈P 2ǫ0P˜ ∗[ǫ−2...ǫ−n](2)ψ~, P˜ ∗[ǫ−2...ǫ−n](2)ψ~〉
=
∑
〈Pǫ−2(2)P 2ǫ0Pǫ−2(2)P˜ ∗[ǫ−3...ǫ−n](3)ψ~, P˜ ∗[ǫ−3...ǫ−n](3)ψ~〉
=
∑
〈P 2ǫ0Pǫ−2(2)2P˜ ∗[ǫ−3...ǫ−n](3)ψ~, P˜ ∗[ǫ−3...ǫ−n](3)ψ~〉
+O(~γ)
[ ∑
ǫi,−n≤i≤−3
‖P˜ ∗[ǫ−3...ǫ−n](3)ψ~‖2
]
=
∑
ǫi,−n≤i≤−3
〈P 2ǫ0P˜ ∗[ǫ−3...ǫ−n](3)ψ~, P˜ ∗[ǫ−3...ǫ−n](3)ψ~〉+O(~γ) .
Iterating this proedure n times we obtain∑
ǫi,−n≤i≤−1
µΣ
~
([ǫ−nǫ−(n−1) . . . ǫ0]) = 〈P 2ǫ0ψ~, ψ~〉+ nO(~γ) ,
whih proves the Proposition for n0 = 0, sine n = O(| log ~|). The proof for any xed
n0 > 0 is idential. 
4.2. Proof of Proposition 2.8. For ψ~ an eigenstate of the Laplaian, the entropy hn(ψ~)
introdued in (2.10) an be expressed in terms of the measure µΣ
~
:
hn(ψ~) = −
∑
|ǫ|=n
‖P˜ ∗
ǫ
ψ~‖2 log‖P˜ ∗ǫ ψ~‖2 = −
∑
|ǫ|=n
µΣ
~
([ǫ]) logµΣ
~
([ǫ])
= −
∑
|ǫ|=n
µΣ
~
([ǫ]) log µΣ
~
([ǫ])
def
= hn(µ
Σ
~
) .
(4.3)
In ergodi theory, the last term is alled the entropy of the measure µΣ
~
with respet to the
partition of Σ into n-ylinders. Before using the results of the previous setion, we hoose
the parameters ν, γ appearing in Proposition 4.1 suh that ν = γ = δ′/2, where δ′ is the
small parameter in Proposition 2.8. This ensures that the time 2 Tν,γ,~ ≥ nE(~) (see (2.8)).
We then have, for any no and n suh that n+ no ≤ Tν,γ,~,
(4.4) hno+n(µ
Σ
~
) ≤ hn−1(µΣ~ ) + hno(σn♯ µΣ~ ) = hn−1(µΣ~ ) + hno(µΣ~ ) +Ono(~δ
′/4) .
The notation Ono means that the last term is bounded by Cno~δ′/4, with a onstant Cno
depending on no. The rst inequality is a general property of the entropy, due to the
onavity of the logarithm. The seond equality omes from the almost invariane of µΣ
~
(Proposition 4.1) and the ontinuity of the funtion x 7→ −x log x. The pressure for ψ~
(see (2.11)) also involves sums of the type∑
ǫ=ǫ0...ǫno+n
µΣ
~
([ǫ]) log Juno+n(ǫ)
def
= µΣ
~
(log Juno+n) .
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Using the fatorization (2.14) of the Jaobian, this sum an be split into
µΣ
~
(log Juno+n) = µ
Σ
~
(log Jun−1) + σ
n−1
♯ µ
Σ
~
(log Ju1 ) + σ
n
♯ µ
Σ
~
(log Juno)
= µΣ
~
(log Jun−1) + µ
Σ
~
(log Ju1 ) + µ
Σ
~
(log Juno) +Ono(~δ
′/4) .
(4.5)
We used one more the quasi-invariane of µΣ
~
to get the seond equality. Combining the
inequalities (4.4,4.5) with (4.3), we obtain the Proposition 2.8 with the onstant
R = 3 max
ρ∈Eε
| log Ju1 (ρ)| .

5. Some results of pseudodifferential alulus
5.1. Pseudodierential alulus on a manifold. In this setion we present the stan-
dardWeyl quantization of observables dened on the otangent of the ompat d-dimensional
manifold M (see for instane [10℄). The manifold an be equipped with an atlas {fℓ, Vℓ},
suh that the Vℓ form an open over of M , and for eah ℓ, fℓ is a dieomorphism from Vℓ
to a bounded open set Wℓ ⊂ Rd. Eah fℓ indues a pullbak f ∗ℓ : C∞(Wℓ)→ C∞(Vℓ). We
denote by f˜ℓ the indued anonial map between T
∗Vℓ and T
∗Wℓ:
(x, ξ) ∈ T ∗Vℓ 7→ f˜ℓ(x, ξ) = (fℓ(x), (Dfℓ(x)−1)T ξ) ∈ T ∗Wℓ ,
(AT is the transposed of A) and by f˜ ∗ℓ : C
∞(T ∗Wℓ) → C∞(T ∗Vℓ) the orresponding pull-
bak. One then hooses a smooth partition of unity on M adapted to the harts {Vℓ},
namely a set of funtions φℓ ∈ C∞c (Vℓ) suh that
∑
ℓ φℓ = 1 on M .
Any observable a ∈ C∞(T ∗M) an now be split into a = ∑j aℓ, with aℓ = φℓ a, eah
term being pushed to a˜ℓ = (f˜
−1
ℓ )
∗aℓ ∈ C∞(T ∗Wℓ). If a belongs to a nie lass of funtions
(possibly depending on ~), for instane the spae of symbols
(5.1) a ∈ Sm,k = Sk(〈ξ〉m) def=
{
a = a~ ∈ C∞(T ∗M), |∂αx∂βξ a| ≤ Cα,β~−k 〈ξ〉m−|β|
}
,
then Weyl-quantization assoiates to eah a˜ℓ a pseudodierential operator on S(Rd):
(5.2) ∀u ∈ S(Rd) , Opw
~
(a˜ℓ) u(x) =
1
(2π~)d
∫
e
i
~
〈x−y,ξ〉a˜ℓ
(
x+ y
2
, ξ; ~
)
u(y) dy dξ .
To pull this pseudodierential operator bak on C∞(Vℓ), one takes a smooth uto ψℓ ∈
C∞c (Vℓ) suh that ψℓ(x) = 1 lose to suppφℓ. The quantization of a ∈ Sm,k is nally
dened as follows:
(5.3) ∀u ∈ C∞(M), Op
~
(a) u =
∑
ℓ
ψℓ × f ∗ℓ ◦Opw~ (a˜ℓ) ◦ (f−1ℓ )∗(ψℓ × u) .
The spae of pseudodierential operators image of Sm,k through this quantization is de-
noted by Ψm,k(M). The quantization obviously depends on the utos φℓ, ψℓ. How-
ever, this dependene only appears at seond order in ~, and the prinipal symbol map
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σ : Ψm,k(M) → Sm,k/Sm,k−1 is intrinsially dened. All miroloal properties of pseudo-
dierential operators on R
d
are arried over to Ψm,k(M). The Laplaian −~2△ belongs to
Ψ2,0(M), with prinipal symbol σ(−~2△) = |ξ|2x.
We atually need to onsider symbols more general than (5.1). Following [8℄, for any
0 ≤ ǫ < 1/2 we introdue the symbol lass
(5.4) Sm,kǫ
def
=
{
a ∈ C∞(T ∗M), |∂αx∂βξ a| ≤ Cα,β ~−k−ǫ|α+β| 〈ξ〉m−|β|
}
.
The indued funtions a˜ℓ will then belong to the orresponding lass on T
∗Wℓ, for whih
we an use the results of [8℄. For instane, the quantization of any a ∈ S0,0ǫ leads to a
bounded operator on L2(M) (the norm being bounded uniformly in ~).
5.2. Egorov theorem up to logarithmi times. We need analogous estimates to Bouzouina-
Robert's [5℄ onerning the quantum-lassial equivalene for long times. Our setting is
more general, sine we are interested in observables on T ∗M for an arbitrary manifold M .
On the other hand, we will only be interested in the rst order term in the Egorov theorem,
whereas [5℄ desribed the omplete asymptoti expansion in power of ~.
The evolution is given by the propagator U t on L2(M), whih quantizes the ow gt on
T ∗M . We will onsider smooth observables a ∈ C∞c (T ∗M) supported in a thin neighbour-
hood of the energy layer E , say inside the energy strip Eν = E([1/2− ν, 1/2 + ν]) for some
small ν > 0. This strip is invariant through the ow, so the evolved observable at = a ◦ gt
will remain supported inside Eν. If λmax is the maximal expansion rate of the ow on E (see
the denition in Theorem 1.2), then by homogeneity the maximal expansion rate inside Eν
is
√
1 + 2νλmax. If we let λν
def
= (1 + ν)λmax, the suessive derivatives of the ow on Eν
are ontrolled as follows:
(5.5) ∀t ∈ R, ∀ρ ∈ Eν , ‖∂αρ gt(ρ)‖ ≤ Cα eλν |α t| .
Obviously, the derivatives of the evolved observable also satisfy
(5.6) ∀t ∈ R, ∀ρ ∈ Eν , ‖∂αat(ρ)‖ ≤ Ca,α eλν |α t| .
For times of the order of | log ~|, eah derivative is bounded by some power of ~−1. More
preisely, for any γ ∈ (0, 1] and any ~ ∈ (0, 1/2), we all Tν,γ,~ the following time:
(5.7) Tν,γ,~ =
(1− γ)| log ~|
2λν
=
(1− γ)| log ~|
2(1 + ν)λmax
.
Starting from a smooth observable a = a0, the bounds (5.6) show that the family of funtion
{at = a ◦ gt : |t| ≤ Tν,γ,~} remains in the symbol lass S−∞,0ǫ , with ǫ = 1−γ2 . Furthermore,
any quasi-norm is uniformly bounded within the family. To prove a Egorov estimate, we
start as usual from the identity
U−t Op
~
(a)U t −Op
~
(a ◦ gt) =
∫ t
0
dsU−s (Diff at−s)U
s,(5.8)
with Diff at
def
=
i
~
[−~2△,Op
~
(at)]−Op~({H, at}) .(5.9)
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Sine −~2△ belongs to Ψ2,0 ⊂ Ψ2,0ǫ and Op~(at) ∈ Ψ−∞,0ǫ for times |t| ≤ Tν,γ,~, the
semilassial alulus of [8, Prop. 7.7℄ (performed loally on eah hart Vj) shows that
Diff at ∈ Ψ−∞,−αǫ , with α = 1 − ǫ = 1+γ2 . From the Calderon-Vaillanourt theorem on
Ψ−∞,−αǫ [8, Thm. 7.11℄, we extrat a onstant Ca > 0 suh that, for any small enough
~ > 0 and any time |t| ≤ Tν,γ,~,
‖Diff at‖ ≤ Ca ~α = Ca ~
1+γ
2 .
We an nally ombine the above estimate in (5.8) and use the unitarity of U t (Duhamel's
priniple) to obtain the following Egorov estimate.
Proposition 5.1. Fix ν, γ ∈ (0, 1]. Let a be a smooth, ~-independent observable supported
in Eν. Then, there is a onstant Ca suh that, for any time |t| ≤ Tν,γ,~, one has
(5.10) ‖U−t Op~(a)U t −Op~(a ◦ gt)‖ ≤ Ca |t| ~
1+γ
2 .
Let us now onsider two observables a, b ∈ C∞c (Eν), evolve one in the future, the other in
the past. The alulus in S−∞,0ǫ (with again ǫ =
1−γ
2
) shows that, for any time |t| ≤ Tν,γ,~,
one has
[Op~(a ◦ gt), Op~(b ◦ g−t)] ∈ S−∞,−γǫ .
Together with the above Egorov estimate and the Calderon-Vaillanourt theorem onΨ−∞,−γǫ ,
this shows the following
Lemma 5.2. Fix ν, γ ∈ (0, 1]. Let a, b ∈ C∞c (Eν) be independent of ~. Then there is a
onstant C > 0 suh that, for small ~ and any time |t| ≤ Tν,γ,~,
‖[U−t Op~(a)U t, U t Op~(b)U−t]‖ ≤ C ~γ .
5.3. Cuto in a thin energy strip. As explained in 2.2.3, we need an energy uto
χ(0) loalizing in the energy strip of width ∼ ~ǫ around E , with ǫ ∈ [0, 1) arbitrary lose to
1. As a result, the m-th derivatives of χ transversally to E will grow like ~−mǫ. The symbol
lasses (5.4) introdued in the previous setions do not inlude suh funtions if ǫ > 1/2.
Yet, beause the utuations our lose to E and only transversally, it is possible to work
with a seond-miroloal pseudodierential alulus whih inludes suh fast-varying,
anisotropi symbols. We summarize here the treatment of this problem performed in [24,
Setion 4℄.
5.3.1. Loal behavior of the anisotropi symbols. For any ǫ ∈ [0, 1), we introdue a lass of
symbols Sm,kE,ǫ , made of funtions a = a~ satisfying the following properties:
• for any family of smooth vetors elds V1, . . . , Vl1 tangent to E , and of smooth
vetor elds W1, . . . ,Wl2 , one has in eah energy strip Eν = E([1/2− ν, 1/2 + ν]):
sup
ρ∈Eν
|V1 . . . Vl1 W1 . . .Wl2 a(ρ)| = O(h−k−ǫ l2) .
• away from E , we have |∂αx∂βξ a(ρ)| = O(h−k〈ξ〉m−|β|).
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Notie that Sm,k ⊂ Sm,kE,ǫ′ ⊂ Sm,kE,ǫ if 1 > ǫ > ǫ′ ≥ 0.
To quantize this lass of symbols, we over a ertain neighbourhood Eν of E by a family
of bounded open sets Vj, suh that for eah j, Vj is mapped by a anonial dieomorphism
κj to a bounded open set Wj ⊂ T ∗Rd, with (0, 0) ∈ Wj . We will denote by (x, ξ) the loal
oordinates on Vj ⊂ T ∗M , and (y, η) the image oordinates on Wj . The anonial map κj
is hosen suh that H ◦ κ−1j = η1 + 1/2. In partiular, the image of E ∩ Vj is a piee of the
hyperplane {η1 = 0}.
We onsider a smooth uto funtion φ supported inside Eν , with φ ≡ 1 in Eν/2, and a
smooth partition of unity (ϕj) suh that 1 =
∑
j ϕj on ∪jVj, and suppϕj ⋐ Vj. For any
symbol a ∈ Sm,kE,ǫ , the funtion a(1 − φ) is supported outside Eν/2, and it belongs to the
standard lass Sm,k of (5.1). On the other hand, for eah index j the funtion
aj
def
= (a φϕj) ◦ κ−1j
is ompatly supported inside Wj ⊂ T ∗Rd. That funtion an be Weyl-quantized as in
(5.2). Although aj(y, η) an osillate at a rate ~
−ǫ
along the oordinate η1 near {η1 = 0},
for a, b ∈ Sm,kE,ǫ the produt Opw~ (aj) Opw~ (bj) is still of the form Opw~ (cj), where the funtion
cj(y, η) is given by the Moyal produt aj♯bj and satises an asymptoti expansion in powers
of ~
1−ǫ
and ~.
Mimiking the proof of the Calderon-Vaillanourt theorem in [8, Thm. 7.11℄, we use the
isometry (in L2(Rd)) between Opw
~
(A) and Opw1 (A ◦ T~), where the resaling
T~(y, η) = (y1~
1−ǫ
2 , y′~1/2; η1~
1+ǫ
2 , η′~1/2) ensures that the derivatives of aj◦T~ are uniformly
bounded in ~. As a onsequene we get the following
Proposition 5.3. There exist Nd and C > 0 suh that the following bound holds. For any
symbol a ∈ Sm,kE,ǫ and any j, the operator Opw~ (aj) ats ontinuously on L2(Rd), and its
norm is bounded as follows:
‖Opw
~
(aj)‖ ≤ ‖aj‖L∞ + C
∑
1≤|α|+|β|≤Nd
~
1
2
(|α′|+|β′|+(1−ǫ)α1+(1+ǫ)β1) ‖∂αy ∂βη aj‖L∞ .
5.3.2. Global quantization of the anisotropi symbols. We now glue together the various
piees of a ∈ Sm,kE,ǫ to dene its global quantization. First of all, sine a(1 − φ) belongs to
the standard lass Sm,k of (5.1), we an quantize it as in 5.1.
Then, for eah index j we selet a Fourier integral operator Uκj : L
2(π(Vj))→ L2(π(Wj)),
ellipti near suppϕj × κj(suppϕj) ⊂ Vj ×Wj , and assoiated with the dieomorphism κj
(an expliit expression is given in 3.2.1). Sine aj desribes the symbol a in the oordinates
(y, η), it makes sense to pull Opw
~
(aj) bak to the original oordinates (x, ξ) using Uκj . The
quantization of the global symbol a ∈ Sm,kE,ǫ is then dened as follows:
(5.11) OpE,~(a)
def
= Op
~
(a(1− φ)) +
∑
j
U∗κj Op
w
~
(aj)Uκj .
The Fourier integral operators (Uκj ) an and will be hosen suh that OpE,~(1) = Id +
OL2→L2(~∞). The operators OpE,~(a) make up a spae Ψm,kE,ǫ of pseudodierential operators
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on M . The quantization OpE,~ depends on the hoie of the utos φ, ϕj , the dieomor-
phisms κj and the assoiated FIOs (Uκj). It is equal to the quantization Op~ for symbols
a supported outside the energy strip Eν ; otherwise, it diers from Op
~
by higher-order
terms.
The spae Ψ−∞,kE,ǫ is invariant under onjugation by FIOs whih preserve the energy layer
E . We will apply that property to the propagator U = ei~△/2, whih quantizes the ow g1.
One atually has a Egorov property
U−1OpE,~(a)U = OpE,~(b) , with b− a ◦ g ∈ S−∞,k−1+ǫE,ǫ .
One is naturally lead to the denition of an ~-dependent essential support of a symbol
a~ ∈ Sm,kE,ǫ (we will only onsider the nite part of the essential support, the innite part
at |ξ| = ∞ being irrelevant for our purposes). A family of sets (V~ ⊂ T ∗M)~→0 does
not interset ess − suppa~ i there exists χ~ ∈ S−∞,0E,ǫ , with χ~ ≥ 1 on V~, suh that
χ~ a~ ∈ S−∞,−∞E,ǫ . The essential support of a~ is also the wavefront set of its quantization,
WF~(OpE,~(a~)).
The above Egorov property an be iterated to all orders, showing that the wavefront set
of an operator A ∈ Ψ−∞,kE,ǫ is transported lassially:
(5.12) WF~
(
U−1AU
)
= g−1(WF~(A)) .
5.4. Properties of the energy utos. Take some small δ > 0 and Cδ > 0 as in
2.2.3, and dene ǫ = 1 − δ. One an easily hek that the utos χ(n) dened in (2.5),
with n ≤ Cδ| log ~|, all belong to the symbol lass S−∞,0E,ǫ . From the above results, their
quantizations Op(χ(n)) = OpE,ǫ(χ
(n)) are ontinuous operators on L2(M), of norms
(5.13) ‖Op(χ(n))‖ = 1 +O(~δ/2) ,
with an implied onstant independent of n. We want to hek that these utos have
little inuene on an eigenstate ψ~ satisfying (2.2). For this, we invoke the elliptiity of
(−~2△−1) ∈ Ψ2,0 ⊂ Ψ2,0E,ǫ away from E . Using [24, Prop. 4.1℄, one an adapt the standard
division lemma to show the following
Proposition 5.4. For ~ > 0 small enough and any n ∈ N, 0 ≤ n ≤ C| log ~|, there exists
A
(n)
~
∈ Ψ−2,ǫE,ǫ and R(n)~ ∈ Ψ−∞,−∞E,ǫ suh that
OpE,~(1− χ(n)) = A(n)~ (−~2△− 1) +R(n)~ .
As a result, for any eigenstate ψ~ = −~2 △ ψ~, one has
‖ψ~−OpE,~(χ(n))ψ~‖ = O(~∞) ‖ψ~‖ .
The implied onstant is uniform with respet to n.
This result ontains in partiular the estimate (2.6).
We end this setion by proving some properties of the utos χ(n). The general idea is
that an eigenstate ψ~ is loalized in an energy strip of width ~, so that inserting utos
χ(n) in expressions of the type Op(a)ψ~ has a negligible eet.
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Lemma 5.5. The following estimates are uniform for ~ > 0 small enough and 0 ≤ n ≤
Cδ| log ~|:
‖(1−Op(χ(n+1)))U Op(χ(n))‖ = O(~∞) ,
∀k = 0, . . . , K, ‖(1−Op(χ(n+1)))U Pk Op(χ(n))‖ = O(~∞) .
Here Pk is any element of the partition of unity (2.3).
Proof. For the symbols χ(n) the essential support (whih has been dened above in a rather
indiret way) oinides with the support. The rst statement of the Lemma uses the
lassial transport of the wavefront set (5.12), applied to Op(χ(n)). Sine χ(n) is invariant
through the geodesi ow, U Op(χ(n))U−1 has the same wavefront set as Op(χ(n)). From
the denition (2.5), the support of (1 − χ(n+1)) is at a distane ≥ C ~ǫ from the support
of χ(n). The alulus on S0,0E,ǫ then implies that the produt (1−Op(χ(n+1))) Op(χ(n)) is in
Ψ−∞,−∞E,ǫ .
The seond statement is a onsequene of the rst: the alulus on Ψ0,0E,ǫ, whih on-
tains the utos Op(χ(n)) and the multipliation operators Pk, shows that Op(χ
(n)) and
Pk Op(χ
(n)) have the same wavefront set. 
We draw from this Lemma two properties whih we use in the text (see (2.4) for the
denition of Pǫ).
Corollary 5.6. For any sequene ǫ of length n ≤ Cδ| log ~|, one has
‖(1−Op(χ(n)))Pǫ Op(χ(0))‖ = O(~∞) .
For any two sequene ǫ, ǫ′ of length n ≤ Cδ| log ~|/4, one has
‖(1−Op(χ(4n)))P ∗
ǫ
′ Un Pǫ Op(χ
n))‖ = O(~∞) .
6. The entropi unertainty priniple: an appliation of omplex
interpolation
In this setion we prove the weighted entropi unertainty priniple, namely theorem 2.1,
by adapting the original proof of [21℄.
We onsider a omplex Hilbert spae (H, 〈., .〉), and denote the assoiated norm by
‖ψ‖ =√〈ψ, ψ〉. The same notation ‖·‖ will also be used for the operator norm on L(H).
Let (αk)k=1,...,N be a family of positive numbers. We onsider the weighted lpnorms on
HN ∋ Ψ = (Ψ1, . . . ,ΨN ):
(6.1) ‖Ψ‖(α)p def=
(
N∑
k=1
αp−2j ‖Ψk‖p
)1/p
, 1 ≤ p <∞ , and ‖Ψ‖(α)∞ def= max
k
(αk ‖Ψk‖) .
For p = 2, this norm does not depend on (αk) and oinides with the Hilbert norm deriving
from the salar produt
〈Ψ,Φ〉HN =
∑
k
〈Ψk,Φk〉H.
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If Ψ ∈ HN has Hilbert norm unity, we dene its entropy as
h(Ψ) = −
N∑
k=1
‖Ψk‖2 log‖Ψk‖2 ,
and its pressure with respet to the weights (αk) is dened by
(6.2) pα(Ψ) = −
N∑
k=1
‖Ψk‖2 log‖Ψk‖2 −
N∑
k=1
‖Ψk‖2 logα2k .
This is the derivative of ‖Ψ‖(α)p with respet to p, evaluated at p = 2.
Similarly, let (βj)j=1,...,M be a family of weights. They indue the following l
(β)
p norms
on HM ∋ Φ = (Φ1, . . . ,ΦM):
(6.3) ‖Φ‖(β)p def=
(
M∑
j=1
βp−2j ‖Φj‖p
)1/p
, 1 ≤ p <∞ , and ‖Φ‖(β)∞ def= max
j
(βj ‖Φj‖) .
We an dene the entropy of a normalized vetor Φ ∈ HM, and its pressure pβ(Φ) with
respet to the weights (βj)j=1,...,M. The standard lp − lq duality [9, Thm.IV.8.1℄ reads as
follows in the present ontext:
Proposition 6.1. For any 1 < p, q <∞ suh that 1
p
+ 1
q
= 1, then
(6.4) sup
‖Ψ‖(α)p =1
|〈Λ,Ψ〉| = ‖Λ‖(α)q .
6.1. Complex interpolation. A bounded operator T : HN → HM an be represented
by a M×N matrix (Tj k) of bounded operators on H. For 1 ≤ p, q ≤ ∞ we denote by
‖T‖(α,β)p,q the norm of T from l(α)p (HN ) to l(β)q (HM). We assume that ‖T‖2,2 = 1, whih
implies in partiular that ‖Tjk‖ ≤ 1 for all k, j.
Example 1. Suppose we have two partitions of unity (πk)
N
k=1 and (τj)
M
j=1 on H, that is,
two families of operators suh that
(6.5)
N∑
k=1
πkπ
∗
k = Id,
M∑
j=1
τjτ
∗
j = Id.
The main example we have in mind is the ase where U is a unitary operator on H and
Tj k
def
= τ ∗j Uπk.
Let O be a bounded operator on H, and let ǫ ≥ 0. We will be interested in the ation
of T on the one
C(O, ǫ) = {Ψ ∈ HN , ‖OΨk −Ψk‖ ≤ ǫ‖Ψ‖2 for all k = 1, . . . ,N} ⊂ HN .
Notie that the one C(O, ǫ) oinides with HN in the speial ase O = Id, ǫ = 0, whih is
already an interesting ase.
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We introdue the positive number
cO(T ) = max
j,k
αkβj‖TjkO‖L(H) ,
and also A = maxk αk, B = maxj βj. The following theorem extends the result of [21℄.
Theorem 6.2. For all Ψ ∈ C(O, ǫ) suh that ‖Ψ‖2 = 1 and ‖TΨ‖2 = 1, we have
pβ(TΨ) + pα(Ψ) ≥ −2 log
(
cO(T ) +NABǫ
)
.
The proof of this theorem follows the standard proof of the Riesz-Thorin theorem [9,
se.VI.10℄. In partiular, one uses the following onvexity property of omplex analyti
funtions.
Lemma 6.3 (3-irle theorem). Let f(z) be analyti and bounded in the strip {0 < x < 1},
and ontinuous on the losed strip. Then, the funtion logM(x) = log supy∈R |f(x+ iy)|
is onvex in the interval 0 ≤ x ≤ 1.
We will dene an appropriate analyti funtion in the unit strip. Let Ψ ∈ C(O, ǫ) with
‖Ψ‖2 = 1. Fix t ∈ [0, 1], lose to 0, and let
Ψ˜ =
Ψ
‖Ψ‖(α)2
1+t
.
From the denition of the norm and Hölder's inequality, we have
‖Ψ‖(α)2
1+t
≥ A−t .
Consider any state Φ ∈ HM suh that ‖Φ‖(β)2
1+t
≤ 1. For eah z = x + iy in the strip
{0 ≤ x ≤ 1}, we dene
a(z) =
1 + z
1 + t
,
and the states
Ψ˜(z) =
(
Ψ˜(z)k = Ψ˜k‖Ψ˜k‖a(z)−1αa(z)−1k
)
k=1...N
,
Φ(z) =
(
Φ(z)j = Φj‖Φj‖a(z)−1βa(z)−1j
)
j=1...M
.
By onstrution, we have
∀z = x+ iy, ‖Ψ˜(z)‖(α)2
1+x
= 1 and ‖Φ(z)‖(β)2
1+x
≤ 1 .
In partiular, for any y ∈ R we have
(6.6) ‖Ψ˜(iy)‖2 = 1 and ‖Φ(iy)‖2 ≤ 1 =⇒
∣∣∣〈T Ψ˜(iy),Φ(iy)〉∣∣∣ ≤ ‖T‖2,2 .
Similarly, for any y ∈ R,
‖Φ(1 + iy)‖(β)1 ≤ 1 =⇒
∣∣〈T Ψ˜(1 + iy),Φ(1 + iy)〉∣∣ ≤ ‖T Ψ˜(1 + iy)‖(β)∞ .
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We deompose the right hand side by inserting the operator O:
‖T Ψ˜(1 + iy)‖(β)∞ = max
j
βj‖
∑
k
TjkΨ˜(1 + iy)k‖
≤ max
j
βj‖
∑
k
TjkOΨ˜(1 + iy)k‖+max
j
βj‖
∑
k
Tjk(Id− O)Ψ˜(1 + iy)k‖ .
The rst term on the right hand side is bounded above by cO(T )‖Ψ˜(1 + iy)‖(α)1 = cO(T ).
For the seond term, we remark that
‖Ψ˜(1 + iy)k‖ = |αk|
1−t
1+t ‖Ψ˜k‖ 21+t = |αk|
1−t
1+t‖Ψk‖ 21+t(‖Ψ‖(α)2
1+t
) 2
1+t
.
On the one hand, ‖Ψk‖ ≤ ‖Ψ‖2 ≤ 1 and |αk| 1−t1+t ≤ A 1−t1+t . On the other hand we have
already stated that ‖Ψ‖(α)2
1+t
≥ A−t. Putting these bounds together and using the fat that
Ψ ∈ C(O, ǫ), we get
∀k = 1, . . . ,N , ‖(Id−O)Ψ˜(1 + iy)k‖ ≤ A ǫ .
Summing over k and using ‖Tjk‖ ≤ 1, we nd
max
j
βj‖
N∑
k=1
Tjk(Id− O)Ψ˜(1 + iy)k‖ ≤ N AB ǫ .
We have proved that for all y ∈ R,
(6.7)
∣∣〈T Ψ˜(1 + iy),Φ(1 + iy)〉∣∣ ≤ cO(T ) +N AB ǫ .
The funtion z 7→ 〈T Ψ˜(z),Φ(z)〉 is bounded and analyti in the strip {0 ≤ x ≤ 1}: this is
the funtion to whih we apply the 3-irle theorem (Lemma 6.3). Taking in to aount
(6.6,6.7), we obtain for any x ∈ [0, 1], y ∈ R,
log
∣∣〈T Ψ˜(x+ iy),Φ(x+ iy)〉∣∣ ≤ (1− x) log‖T‖2,2 + x log(cO(T ) +NABǫ)
≤ x log (cO(T ) +NABǫ).
The last inequality is due to our assumption ‖T‖2,2 = 1. In partiular, taking x + iy = t,
and exponentiating, we get ∣∣〈T Ψ˜,Φ〉∣∣ ≤ (cO(T ) +NABǫ)t .
Taking the supremum over
{
Φ ∈ HM, ‖Φ‖(β)2
1+t
≤ 1
}
and using the l
(β)
2
1+t
− l(β)2
1−t
duality
(Prop. 6.1), we obtain
‖T Ψ˜‖(β)2
1−t
≤ (cO(T ) +NABǫ)t ,
and by homogeneity
(6.8) ‖TΨ‖(β)2
1−t
≤ (cO(T ) +NABǫ)t ‖Ψ‖(α)2
1+t
.
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We may now take the limit t → 0 in this inequality. Using the assumption ‖Ψ‖2 = 1, we
notie that
log‖Ψ‖(α)2
1+t
∼ 1 + t
2
log
(∑
k
‖Ψk‖2 exp{−t log‖Ψk‖2 − t logα2k}
)
∼ t
2
pα(Ψ).
Similarly, log‖TΨ‖(β)2
1−t
∼ − t
2
pβ(TΨ). Therefore, in the limit t → 0, (6.8) implies Theo-
rem 6.2.

6.2. Speialization to partiular operators T and states Ψ. We now ome bak to
the ase of Example 1.
Lemma 6.4. Let U : H → H be a bounded operator. Using the two partitions of Example 1,
we onstrut the operator T : HN → HM through its omponents Tjk = τ ∗j Uπk. Then the
two following norms are equal:
‖T‖2,2 = ‖U‖L(H) .
Proof. The operator T may be desribed as follows. Consider a line and olumn vetors of
operators on H:
L
def
= (π1, . . . , πN) , respetively C =
 τ ∗1.
.
.
τ ∗M
 .
We an write T = CUL. We insert this formula in the identity
‖T‖22,2 = ‖T ∗T‖L(HN ) = ‖L∗U∗C∗CUL‖L(HN )
Using the resolution of identity of the τj , we notie that C
∗C = IdH, so that the above
norm reads
‖L∗U∗UL‖L(HN ) .
Then, using the resolution of identity of the πk, we get
‖(UL)∗(UL)‖L(HN ) = ‖(UL)(UL)∗‖L(H) = ‖(UL)L∗U∗‖L(H) = ‖UU∗‖L(H) .

Therefore, if U is ontrating (resp. ‖U‖L(H) = 1) one has ‖T‖2,2 ≤ 1 (resp. ‖T‖2,2 = 1).
We also speialize the vetor Ψ ∈ HN by taking Ψk = π∗kψ for some normalized ψ ∈ H.
From the resolution of identity on the πk, we hek that ‖Ψ‖2 = ‖ψ‖, and also (TΨ)j =
τ ∗j Uψ. Thus, if ‖Uψ‖ = 1, the seond resolution of identity indues ‖TΨ‖2 = ‖Uψ‖ = 1.
With this hoie for T and Ψ, Theorem 6.2 reads as follows:
Theorem 6.5. We onsider the setting of Example 1. Let U be an isometry on H.
Dene c
(α,β)
O (U)
def
= supj,k αkβj‖τ ∗j U πkO‖L(H).
Then, for any normalized ψ ∈ H satisfying
∀k = 1, . . . ,N , ‖(Id− O)π∗kψ‖ ≤ ǫ ,
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and dening the pressures as in (6.2), we have
pβ
(
(τ ∗j Uψ)j=1...M
)
+ pα
(
(π∗kψ)k=1...N
) ≥ −2 log (c(α,β)O (U) +N AB ǫ) .
This theorem implies Theorem 2.1, if we take the same partition π = τ (in partiular
N =M), and if we remark that the pressures pα
(
(π∗kψ)k=1...N
)
and pβ
(
(π∗jUψ)j=1...N
)
are
the same as the quantities pπ,α(ψ), pπ,β(Uψ) appearing in the theorem.
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